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Abstract

This paper presents a real-time relative three-axis attitude estimation using a camera and two gyros under momentum changes during
close-proximity operations. The camera sensor provides quaternion measurements that relate the body frame of the deputy spacecraft
with respect to the body frame of the chief spacecraft. The quaternion measurements are coupled with gyro measurements and attitude
dynamics model in a multiplicative extended Kalman filter to determine relative attitude and gyro biases under momentum changes. The
relative quaternion kinematics is augmented with spacecraft relative motion dynamics to represent the filter process dynamics. The
quaternion measurements from a camera sensor and inertial measurement units (IMU) are utilized to the filter measurement model.
The fault-tolerant attitude controller actuated by four reaction wheels, which has no unwinding problem is used for attitude tracking
maneuvers during close-proximity operations in the presence of external disturbances, uncertain inertia parameter and actuator faults.
This controller is combined with the extended Kalman filter to filter noisy measurements and to estimate gyro biases, which leads to a
full-state feedback control system. Numerical simulations are performed to verify the effectiveness of the attitude estimation and control
systems of the spacecraft with four reaction wheels during close-proximity operations of spacecraft in low-Earth orbit.
� 2023 COSPAR. Published by Elsevier B.V. All rights reserved.
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1. Introduction

Precise attitude estimation is an essential technology for
many space missions, such as close-proximity operations
and docking with other spacecrafts, removal of large space
debris objects, and reorientation of satellites (Jiang et al.,
2016; Hu et al., 2017). This is a particularly interesting
problem in spacecraft attitude dynamics since momentum
change occurs. Particularly, an attitude maneuvering dur-
ing close-proximity operations and docking may be be
accomplished in the presence of external disturbances,
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parameter uncertainties, actuator system failures/faults,
and even control input saturation. From a practical point
of view, high-precision attitude estimation under the above
conditions is an interesting and challenging problem. Sen-
sors and actuators in spacecraft attitude control systems,
including are critical subsystems and any fault of them
can result in serious problems. In addition, unknown exter-
nal disturbance and parameter uncertainty can increase the
control tracking error and require more control effort. For
these problems, an observer can be efficiently utilized to
cope with any fault during control uses. Therefore, a
fault-tolerant finite time controller (Jiang et al., 2016; Du
et al., 2011; Zou, 2014) combined with a high-precision
attitude estimation filter may be required to maintain high
ation under attitude tracking maneuver during close-proximity oper-
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reliability in the advanced control system design of space-
craft, accounting for possible control faults.

For spacecraft attitude tracking control problem, finite-
time control is more desirable than asymptotic control in
terms of faster convergence rate, higher precision control
performance, and better disturbance rejection property
(Jiang et al., 2016; Zou, 2014; Du et al., 2011; Lu and
Xia, 2013; Shen et al., 2015). In Hu et al. (2017), Lu
et al. (2016), Hu et al. (2013), a finite-time fault-tolerant
control scheme was presented to address the spacecraft
attitude stabilization problem under actuator faults, exter-
nal disturbances, input saturation, and even inertia uncer-
tainty simultaneously. In Zou (2014), a finite-time output
feedback attitude tracking control law was proposed for
rigid spacecraft based on the finite-time observer and con-
tinuous finite-time control techniques. In Xiao and Hu
(2013), a compensation scheme withe finite-time conver-
gence for reaction wheel faults and external disturbance
was proposed for rigid spacecraft attitude tracking systems.
Lan et al. (2017) addressed, the problem of finite-time dis-
turbance observer (FTDO) design and the problem of
FTDO-based finite-time control for system in a combined
control approach. Cao et al. (2022) investigated a learning
observer-based fault-tolerant control strategy for a rigid
spacecraft attitude system with external disturbance,
parameter uncertainty and actuator faults. The adaptive
learning observer design approach does not require the
upper bound information of generalized perturbation and
estimates the attitude angular velocities and reconstruct
actuator faults accurately and quickly. Sajjadi et al.
(2021) proposed a nonlinear observer for high-speed esti-
mation of the sample surface topography in a small dura-
tion of the probe transient motion utilizing a 2DOF
model of TR-AFM. The proposed nonlinear observer can
estimate the surface topography throughout transient oscil-
lation of the microcantilever. Wang et al. (2022) an adap-
tive neuro-fuzzy integrated system (ANFIS) for satellite
attitude estimation and control. The ANFIS system was
proposed that can jointly control and estimate the system
attitude. Pukdeboon and Siricharuanun (2014) developed
a combined control which combines a FTDO and nonsin-
gular terminal sliding mode (NTSM) technique for attitude
tracking problem of rigid spacecraft. Tiwari et al. (2018)
proposed spacecraft anti-unwinding attitude control using
second-order sliding mode and robust adaptive non-
singular fast terminal sliding mode control (NFTSM)
method to commonly handle unwinding problem.

Most of the spacecraft use attitude sensors such as gyro-
scopes, camera sensors, star sensors, sun sensors and hori-
zon sensors. Among these sensors, star sensors are known
as the most precise, providing arc-second attitude accuracy
(Liebe, 1995). For high precision attitude estimation of
spacecraft, the combination of gyroscopes and star sensors
are widely used because of their high precision. In this paper,
a camera sensor is used for relative attitude estimation dur-
ing close-proximity operations. Unlike other attitude sen-
sors, camera sensors can be used for very close separation
2

distance within several hundred meters between two space-
craft with high precision like star sensor performance. The
relative sensor measurements used in this paper are quater-
nion measurements between two spacecraft. Quaternion
measurements describing the relative attitude between the
chief and deputy spacecraft are obtained from a camera-
based attitude determination system. For real-time space-
craft attitude estimation an extended Kalman filter (EKF)
algorithm has been widely used in nonlinear estimation
problems (Schmidt, 1981; Lefferts et al., 1982). To represent
attitude in the filter, several parameterizations are used such
as Euler angles, quaternions, modified Rodrigues parame-
ters and the rotation matrix. Quaternions are particularly
attractive because they are non-singular, and bilinear in
the kinematics equation (Kim et al., 2007; Crassidis and
Junkins, 2008). However, the quaternion has a normaliza-
tion constraint to obey, which can be violated by the linear
measurement updates associated with the standard EKF
approach (Lefferts et al., 1982; Kim et al., 2007; Crassidis
and Junkins, 2008). To overcome this disadvantage, themul-
tiplicative EKF (MEKF) was created using a multiplicative
quaternion formulation where a three-component error vec-
tor is replaced with four-component quaternion (Lefferts
et al., 1982; Kim et al., 2007). In Ref. Kim et al. (2007),
Crassidis and Junkins (2008), the quaternion is represented
by a three-dimensional vector of generalized Rodrigues
parameters, such that the singularity can be placed anywhere
from 180� to 360� and the normalization constraint of the
quaternion is maintained in the update using quaternion
multiplication. Abdelrahman and Park (2011) developed a
spacecraft three-axis attitude and rate estimation algorithm
based on magnetometer measurements and their time
derivatives. The structure of the filter is built using spacecraft
nonlinear dynamics in the presence of momentum exchange
devices.

This paper presents a real-time relative attitude estima-
tion using a camera sensor and two gyros under momentum
changes by attitude tracking maneuvers during close-
proximity operations. For relative spacecraft attitude esti-
mation, a multiplicative extended Kalman filter (MEKF)
is formulated to estimate the relative attitude and gyroscope
biases of two spacecraft using quaternionmeasurements of a
camera coupled with gyros measurements from each space-
craft during close-proximity operations. The angular veloc-
ity changes of the deputy spacecraft when momentum
changes occur in close-proximity operations are measured
by the gyro of the deputy spacecraft. The attitude state is
the relative quaternion and gyro biases of the chief and dep-
uty spacecraft. Inspired by the benefits of the proposed atti-
tude estimation system and finite-time fault-tolerant control
for spacecraft attitude tracking maneuvers, we propose an
attitude determination and control system (ADCS) by com-
bining the proposed attitude estimation system with the
finite-time fault-tolerant attitude tracking of spacecraft con-
trol without unwinding in the presence of external distur-
bances, uncertain inertia parameter, actuator faults, and
input saturation in Refs. Lee and Leeghim (2020), Lee
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(2021). However, the finite-time fault-tolerant controls (Lee
and Leeghim, 2020; Lee, 2021) do not use the attitude state
estimation and show attitude tracking control. The pro-
posed ADCS system was developed to use for high-
precision relative attitude estimation and finite-time attitude
tracking maneuvers of the deputy spacecraft with four reac-
tionwheels during close-proximity operations. For this goal,
the proposed MEKF is combined with the composite finite-
time fault-tolerant controller of the deputy spacecraft with
four reaction wheels (Lee and Leeghim, 2020) to provide
the state estimates, which can be used in place of the ‘‘true”
states. The controller clearly requires full-state knowledge,
which is not always possible or even practical in real-world
systems. The required full-state knowledge is the relative
quaternion and relative angular velocity. Unlike the relative
quaternion, the relative angular velocity of two spacecraft is
computed using the estimated state. The used controller for a
proposed ADCS is a composite controller which consists of
a non-singular fast terminal sliding mode control
(NFTSMC) scheme combined with a feed-forward term
based on finite-time disturbance observer (FTDO) tech-
nique. The controller has no the singularity and unwinding
problem. The global final stability of the attitude tracking
control system is achieved in the presence of external distur-
bances, inertia uncertainty, and actuator faults.

Thus, the contribution of this study can be summarized.
First, a high-precision relative attitude estimation system
using quaternion measurements from a camera sensor
and two gyros of the chief and deputy spacecraft was devel-
oped for relative attitude estimation during close-proximity
maneuvers/operations. Second, the ADCS was proposed
by the full-state feedback form where the FTDO-based
NFTSMC is combined with the developed relative attitude
estimation system to provide a full-state knowledge. The
ADCS system has finite-time stability and anti-unwinding
capability in the presence of external disturbances, inertia
uncertainty, and actuator faults. Compared to the previous
studies (Lee and Leeghim, 2020; Lee, 2021), this study
shows attitude tracking control maneuver with full-state
feedback by combining with the high-precision attitude
estimation system to produce more reliable attitude track-
ing maneuver. Furthermore, this study shows that the rel-
ative attitude estimation can can performed while the
control moment using tetrahedron configuration of reac-
tion wheels is used. Third, the effectiveness of the proposed
relative attitude estimation system and the ADCS system
are verified with numerical simulations for an attitude
tracking control maneuver during close-proximity
operations.
2. Relative attitude kinematics and dynamics

2.1. Quaternion kinematics

In this section, relative quaternion kinematics is briefly
reviewed. The relative quaternion q, which maps from
3

vectors in the chief frame to the vectors in the deputy
frame, is given by

q ¼ qd � q�1
c ; ð1Þ

where qc and qd are the attitudes of the chief and deputy
spacecraft, respectively, relative to an inertial frame. The

quaternion is defined by q � .q4½ �T , with

. � q1q2q3½ �T ¼ e sin #ð Þ and q4 ¼ cos #=2ð Þ, where e is the
axis of rotation and # is the angle of rotation (Lefferts
et al., 1982). The quaternion possesses three degrees of free-
dom and satisfies the constraint kqk ¼ 1. The attitude
matrix related to the quaternion is given by

A qð Þ ¼ q24 � k.k� �þ 2..� 2q4.
� ¼ NT qð ÞW qð Þ ð2Þ

with

N qð Þ ¼ q4I3�3 þ .�

�.T

� �
; W qð Þ ¼ q4I3�3 � .�

�.T

� �
; ð3Þ

where I3�3 is an identity matrix and .� is a cross product
matrix defined by

.� ¼
0 �q3 q2
q3 0 �q1
�q2 q1 0

264
375: ð4Þ

In this paper, quaternion multiplication is defined using the
convention of Lefferts et al. (1982) where quaternion mul-
tiplication expression appears in the same order as the atti-
tude matrix multiplication: A q0ð ÞA qð Þ ¼ A q0 � qð Þ.
A q0ð ÞA qð Þ ¼ A q0 � qð Þ ¼ W q0ð Þ q0½ �q ¼ N qð Þ q½ �q0: ð5Þ
The inverse of the quaternions is given by

q�1 ¼ �.T q4
� �T

: ð6Þ

Note that this quaternion product q� q�1 ¼ 0001½ �T , which
is the identity quaternion. The quaternion kinematic is
given by

_q ¼ 1

2
N qð Þxe; ð7Þ

where xe is the relative angular velocity of the deputy
spacecraft relative to the chief spacecraft in the deputy’s
body-fixed frame. The relative angular velocity xe in (7)
is defined by

xe ¼ xd � A qð Þxc; ð8Þ
where xc and xd are the angular velocities of the chief and
deputy spacecraft in their body-fixed frames, respectively.
A discrete-time propagation of the relative quaternion
kinematics Eq. (7), assuming that xc and xd are constant
over the sampling interval Dt � tkþ1 � tk, is given by
Mayo (1978)

q̂kþ1 ¼ X xdkð ÞC xckð Þq̂k; ð9Þ
with



Table 1
Actuator fault model (Hu et al., 2013).

Fault model ui Ei

Normal 0 0
Outage 0 1
Loss of effectiveness 0 0 < Ei < 1
Stuck ui 1
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X xdkð Þ¼ cos 1
2
kxdkkDt

� �
I3�3� ŵþ

k

� 	�
wk

�wT
k cos 0:5kxdkkDtð Þ

24 35
ð10aÞ

C xckð Þ¼ cos 1
2
kxckkDt

� �
I3�3� fk½ �� �fk

�fTk cos 1
2
kxckkDt

� �� �
ð10bÞ

where

wk ¼
sin 1

2
kxdkkDt

� �
xdk

kxdkk
; fk ¼

sin 1
2
kxckkDt

� �
xck

kxckk
: ð11Þ
2.2. Relative attitude dynamics

To achieve attitude control with high performance,
redundant actuators are usually mounted on the spacecraft
(Hu et al., 2017; Hu et al., 2013). In this paper, the actua-
tors with redundancy m > 3ð Þ are considered for the atti-
tude control system design of the deputy spacecraft.

J _xd ¼ �x�
d Jxd þ Duþ d0; ð12Þ

where D 2 R3�m is the actuator configuration matrix,

u ¼ u1u2 � � � um½ �T 2 Rm denotes the applied control torque
on the spacecraft produced by m actuators, and d0 repre-
sents all external disturbances experienced by the space-

craft. The matrix J 2 R3�3 denotes the positive-definite
inertia matrix of the spacecraft composed of both nominal
component J 0 and uncertain term DJ and is described as
J ¼ J 0 þ DJ .

To handle actuator fault problems, the applied control
in (12) includes the uniform actuator fault model described
for all possible modes (Hu et al., 2013; Lee and Leeghim,
2020).

u ¼ uc þ E u� ucð Þ; ð13aÞ
ui ¼ uci þ Ei ui � ucið Þ; i ¼ 1; 2; � � �;m; ð13bÞ

where uc ¼ uc1 uc2 � � � ucm½ �T 2 Rm is the commanded con-
trol by the controller and
E ¼ diag E1;E2; � � � ;Emð Þ 2 Rm�m is the actuator effective-

ness matrix. Ei is the failure indicator for the ith actuator,

ui represents uncertain stuck failures for the ith actuator,

and uci is the ith actuator’s desired control commanded by
the controller. Note that the case Ei ¼ 0 means that the

ith actuator works normally. If Ei ¼ 1, the ith actuator fails
completely without any control torque generated.

Ei 2 0; 1ð Þ corresponds to the case in which the ith has par-
tially lost its effectiveness, but it still works for all of the
time. The presented fault model can represent outage, loss
of effectiveness, and stuck faults. These three types of the
actuator faults as summarized as in Table 1. Next, we con-
sider the spacecraft dynamics with actuator faults by incor-
4

porating the deputy spacecraft dynamics (12) with the
actuator fault model in the following form:

J _xd ¼ �x�
d Jxd þ D I � Eð Þuc þ Euð Þ þ d0: ð14Þ

Suppose that the chief spacecraft quaternion, qc, is given
that also follows the following kinematics equation:

_qc ¼ Q qcð Þxc; ð15Þ
where xc 2 R3 is the angular velocity vector of the chief
spacecraft. In this study, the attitude dynamics of the chief
is assumed to follow the torque-free rotation of spacecraft
(Tewari, 2007) where the external torque is zero.

Jc _xc þ x�
c J cxc ¼ 0: ð16Þ

In a similar manner the relative dynamics with actuator
fault is defined in Hu et al. (2013), Lee (2017) as

J _xe ¼ � xe þ A qð Þxcð Þ�J xe þ A qð Þxcð Þ
þ J x�

e A qð Þxc þ A qð ÞJ�1
c x�

c J cxc

� �
þ D I � Eð Þuc þ DEuþ d0: ð17Þ

Since the inverse of inertia matrix, J�1 is given by Lee
(2017)

J�1 ¼ J 0 þ DJ 0ð Þ�1 ¼ J 0ð Þ�1 � J 0 þ J 0DJ�1J 0

� ��1

¼ J�1
0 þ D~J ; ð18Þ

Multiplying both sides of (17) by (18) and arranging about
J 0, the relative attitude dynamics (17) is described as

_xe ¼ �J�1
0 xe þ A qð Þxcð Þ�J 0 xe þ A qð Þxcð Þ

þ x�
e A qð Þxc þ A qð ÞJ�1

c x�
c J cxc

� �þ J�1
0 uIc

þ J�1
0 d; ð19Þ

where uIc ¼ Duc is the control command by the controller.
The rotational dynamics of the deputy relative to the chief
is then described in the body-fixed frame of the deputy
spacecraft.

d ¼ d0 þ DE �uc þ uð Þ � J 0DeJ xe þ A qð Þxcð Þ�J xe þ A qð Þxcð Þð Þ
h

� xe þ A qð Þxcð Þ�DJ xe þ A qð Þxcð Þ þ J 0DeJ D I � Eð Þuc þ DEuð Þ
i
;

ð20Þ

The left side of Eq. (20) d is the lumped disturbance includ-
ing actuator faults, uncertain inertia matrix and unknown
external disturbances. The lumped disturbance d in (20)
is bounded, but its bound limit is not known in advance.
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The adopted finite-time observer provides the estimate of
the lumped disturbance, d.

3. Sensor models

3.1. Camera measurement model

In this study, a camera sensor provides quaternion mea-
surements that relate the attitude of the deputy frame with
respect to the chief frame is used. The output of a camera
sensor is an estimated quaternion that relates the relative
orientation of the body frames of two spacecraft. The cam-
era sensor frame coincides with the body-fixed frame of the
spacecraft. The quaternion measurements are assumed to
be unbiased, but they have added random measurement
noise. To generate synthetic measurements the following
model is used and the discrete-time quaternion measure-
ment is then given by

~qk ¼
1
2
mk

1

� �
� qk ¼ qk þ

1

2
N qkð Þmk; ð21aÞ~qk ¼ ~qk

k~qkk ; ð21bÞ

where ~qk is the quaternion measurement with the quater-
nion normalization, qk is the true quaternion of the space-

craft, and mk 2 R3 is the zero mean Gaussian white noise
with the characteristics of

E mkm
T
k

� � ¼ r2
mI3�3; ð22Þ

where rm is the standard deviation of a camera sensor mea-
surement error. The matrix used to make up the MEKF
measurements error covariance matrix is given by

Rk ¼ r2
mI3�3: ð23Þ

The measurement residual or innovation vector is defined
using a multiplicative error quaternion in the body-fixed
frame, given by

dqk ¼ ~qk � q̂�1
k ; ð24Þ

with dqk ¼ dqTkvdqk4
� �T

and q̂k is the estimated quaternion at

kth epoch.

3.2. Imaging model

The quaternion measurement is limited in resolution by
a Gaussian error applied due to the functional resolution of
the optical system. This resolution is defined with a combi-
nation of ground spatial distance (GSD) between the focal
plane and any feature or resident space object of interest,
and optical solution coefficients representing the predicted
sensor response FWHMPSF =LSF , validated experimentally,
to yield a feature resolution as a function of distance.
The feature resolution, Res ¼ GSD� FWHMPSF =LSF is a
theoretical measurement that uses the sensor and optical
elements’ characteristics to define the size of a projected
pixel from the focal plane upon the feature of interest.
The focal length f l is commonly defined in millimeters,
pixel pitch p is the distance between pixels on the focal
5

plane, and measured in micrometers, and the distance
between the focal plane and feature of interest, D, is com-
monly measured in kilometers. The GSD is also given by

GSD ¼ Dp
f l

ð25Þ

A single pixel is not enough to gather significant data upon
an object, however, so the functional resolution of the opti-
cal system is modulated by its quality, Q. The Q of the sys-
tem represents its detector sampling frequency, or optical
band pass limit, and is calculated as below per the optical
wavelength of the sensor, k:

Q ¼ kf l

p
ð26Þ

The full width half maximum of a point spread function, or
FWHMPSF =LSF , is a measure of acutance of a sensor, and
determines the minimum feature identifiable by the sensor.
This feature can be identified by computer vision algo-
rithms; assuming a Gaussian representation of the feature
of interest and deviation discernible by perception from a
viewer or algorithm, the Z-score can be used to determine
whether any individual pixel on the focal plane will result
in an identification of the feature of interest. This propa-
gates across multiple pixels if the coherent pattern is visible.
Therefore, a Z-score for the feature standard deviation
from the feature of interest is used for a FWHMPSF =LSF cal-
culation given by

FWHMPSF =LSF ¼ QZ ð27Þ
Therefore, the functional full sampling resolution of the
spacecraft optical solution, measured in units of m2 of res-
olution per m of distance between focal plane and feature
of interest, is defined as:

Res ¼ GSD� FWHMPSF =LSF ð28Þ
Fig. 1 shows the basis for an optical/camera sensor mea-

surement of characteristic features, namely a geometric
shape in space. The FWHMPSF =LSF is provided by the sen-
sor response curve binned across discrete pixels on the sen-
sor. The resolution of any sensor is limited by its size and
pixel pitch, tied to the optical system’s inherent quality
for input resolved imagery. A convolutional neural net-
work (Park et al., 2019) trained with synthetic representa-
tive scenarios is used to validate the simulation and vice
versa in a loosely-coupled loop. A pipeline integrating sim-
ulated chief spacecraft attitude and the focal plane has been
used to provide this efficacy function: the convolutional
neural network is not capable of ideal determination of
the attitude of the observed spacecraft, and therefore an
efficacy function has been used to modulate simulation
results to realistic and predictable ones, currently not
accounting for adverse lighting conditions or false-
negative identification rates.

rq ¼ tan�1 Res

2D


 �
ð29Þ



Fig. 1. A conceptual representation of an optical/camera sensor conducting imaging of a sample geometry.
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The resolution limitation implies the fundamental Nyquist-
sourced sampling error: this can be used for a Gaussian
error assessment of the bearing attainable by the optical
sensor. The output 3r error is consequently used in this
study for a uncertainty determination in state
measurement.

3.3. Gyro measurement model

A rate integrating gyroscope which measures the angu-
lar velocity is used with a star tracker to improve the atti-
tude estimation accuracy. For this sensor, a widely used
measurement model is given by Farrenkopf (1978)

~x tð Þ ¼ x tð Þ þ b tð Þ þ gt tð Þ; ð30Þ
_b tð Þ ¼ gu tð Þ: ð31Þ
where ~x tð Þ is the continuous-time measured angular rate, b
is the time-varying gyro bias, g tð Þt and g tð Þu are indepen-
dent zero-mean Gaussian white-noise process with

E gt tð ÞgTt sð Þ�  ¼ I3�3r
2
md t � sð Þ ð32aÞ

E gu tð ÞgTu sð Þ�  ¼ I3�3r
2
ud t � sð Þ ð32bÞ

where d t � sð Þ is the Dirac delta function. The parameters
of the chief and deputy gyros are denoted by gct; gcuð Þ and
gdt; gduð Þ, respectively. The discrete-time gyro measure-
ments can be generated using the following recursive equa-
tions (Crassidis, 2005):

~xkþ1 ¼ xkþ1 þ 1

2
bkþ1 þ bk

� �þ r2
t

Dt
þ 1

12
r2
uDt


 �
N tk; ð33Þ

bkþ1 ¼ bk þ rtDt1=2N tk ð34Þ
where the script k denotes the kth time-step, Dt is the gyro
sampling interval, and N tk and Nuk are zero-mean Gaus-
sian white-noise processes with spectral densities given by
r2
tI3�3 and r2

uI3�3, respectively.

4. Relative attitude estimation

In this section, the MEKF implementation equations for
relative spacecraft attitude estimation are shown. The
6

relative quaternion and gyro biases for the chief and deputy
spacecraft are estimated. The estimate equations are given
by

_̂q ¼ 1

2
N q̂ð Þxe; ð35aÞ

x̂dc ¼ x̂e ¼ x̂d � A q̂ð Þx̂c; ð35bÞ
_̂
bc ¼ 0; ð35cÞ
_̂
bd ¼ 0; ð35dÞ
x̂c ¼ ~xd � b̂c; ð35eÞ
x̂d ¼ ~xd � b̂d : ð35fÞ
The error-state dynamics are now given by Kim et al.
(2007)

d _x ¼ F dxþ Gw: ð36Þ
with

dx ¼ daT dbT
c dbT

d

� �T
w ¼ gTct g

T
dt g

T
cu g

T
du

� �T
; ð37Þ

where

F ¼
�x̂�

d A q̂ð Þ �I3�3

03�3 03�3 03�3

03�3 03�3 03�3

264
375;

G ¼
A q̂ð Þ �I3�3 03�3 03�3

03�3 03�3 03�3 03�3

03�3 03�3 03�3 03�3

264
375:

ð38Þ

and the spectral density matrix of the process noise w is
given by

Q ¼
r2
ctI3�3 03�3 03�3 03�3

03�3 r2
dtI3�3 03�3 03�3

03�3 03�3 r2
cuI3�3 r2

dtI3�3

264
375: ð39Þ

Note that the F matrix is 9 � 9 matrix now, since the order
of the system has been reduced from 10 state to 9 state. The
linearization of the quaternion measurement is obtained
using a multiplicative error quaternion between the quater-
nion measurement and the estimated quaternion, given by



Table 2
Multiplicative extended Kalman filter for relative attitude estimation.

Initialize q̂ t0ð Þ ¼ q̂0; b̂c t0ð Þ ¼ b̂c0 ; b̂c t0ð Þ ¼ b̂c0 ; P t0ð Þ ¼ P 0

Gain Kk ¼ P�
k H

T
k q̂�k
� �

P�
k H

T
k q̂�k
� �� �þ Rk

� ��
1

Hk q̂�k
� � ¼ I3�3 03�3 03�3½ �

Update Hk q̂�k
� � ¼ I3�3 03�3 03�3½ �

D~̂xþ ¼ Kk ~yk � hk x̂�k
� �� �

D~̂xþ ¼ dâþT
k Db̂þT

ck Db̂þT
dk

h iT
hk x̂�ð Þ ¼ q̂�k
q̂þk ¼ q̂�k þ 1

2N q̂�k
� �

âþk , renormalize quaternion
b̂þck ¼ b̂�ck þ Db̂þck ; b̂

þ
dk

¼ b̂�dk þ Db̂þdk
Propagation x̂þ

ck ¼ ~xþ
ck � b̂þk ; x̂þ

dk
¼ ~xþ

dk
� b̂þk

q̂kþ1 ¼ X xdkð ÞC xckð Þq̂k
_P tð Þ ¼ F x tð Þ; tð ÞP tð Þ þ P tð ÞF T x tð Þ; tð Þ þ G tð ÞQGT tð Þ
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dq̂þk ¼ ~qk � q̂�1
k ; ð40Þ

with dq ¼ dqk dq4k
� �

. Then the measurement residual

~yk � hk q̂�k
� �

is replaced with 2dqk. By the small angle

approximation dq � da=2, where da has components of
roll, pitch, and yaw angles for any rotation sequence. The
factor of 2 is multiplied with the vector part of the error
quaternion because the angle error is used in the MEKF.
The measurement-state mapping matrix is therefore given
by

Hk x�
k

� � ¼ I3�3 03�3 03�3½ �: ð41Þ
and Rk is given by a 3� 3 covariance matrix of the attitude

errors. Note that the number of columns of Hk x�
k

� �
is nine,

which is the dimension of the reduced-order state.
The final part of the MEKF involves the quaternion and

biases updates. The error-state update follows

D~̂xþ ¼ Kk ~yk � hk x̂�
k

� �� �
: ð42Þ

where D~̂xþ ¼ dâþT
k Db̂þT

ck
Db̂þT

dk

h iT
; ~yk is the measurement

output, and hk x̂�
k

� �
is the estimated quaternion output,

given by

hk x̂�
k

� � ¼ q̂�k ð43Þ
The gyro bias updates of of the chief and deputy are simply
given by

b̂þ
ck
¼ b̂�

ck
þ Db̂þ

ck
; b̂þ

dk
¼ b̂�

dk
þ Db̂þ

dk
: ð44Þ

The quaternion update is more complicated. As previ-
ously mentioned the fourth component of dqk is nearly
one. Therefore, to within first-order the quaternion update
is computed using Eq. (5) and the quaternion multiplica-
tion of the rule of Eq. (40), given by

q̂þk ¼ dq̂þk � q̂�k ¼
1
2
âþk
1

� �
� q̂�k ¼ q̂�k þ 1

2
N q̂�k
� �

âþk : ð45Þ

This updated quaternion is a unit vector to within first-
order; however, a brute-force normalization should be per-
formed to insure q̂þT

k q̂þk ¼ 1. In the standard EKF formula-

tion, given a post-update estimates b̂þ
ck

and b̂þ
dk
, the post-

update angular velocities and propagated gyro bias of the
chief and deputy follow

x̂þ
ck
¼ ~xþ

ck
� b̂þ

k ; b̂�
ckþ1

¼ b̂þ
ck
; ð46aÞ

x̂þ
dk
¼ ~xþ

dk
� b̂þ

k ; b̂�
dkþ1

¼ b̂þ
dk
: ð46bÞ

The attitude estimation algorithm is summarized in Table 2.
The filter is first initialized with a known state (the bias ini-
tial condition is usually assumed zero) and error-
covariance matrix. The first three diagonal elements of
the error-covariance matrix correspond to attitude errors.
Then, the Kalman gain is computed using the
measurement-error covariance Rk and sensitivity matrix
Hk in Eq. (41). The state error-covariance follows the stan-
dard EKF update, while the error-state update is computed
7

using Eq. (45). The biases and quaternion updates are now
given by Eqs. (44) and (45). Also, the updated quaternion is
re-normalized by brute force. Finally, the estimated angu-
lar velocity is used to propagate the quaternion kinematics
model in Eq. (35a) and standard error-covariance in the
MEKF. Note that the gyro biases propagation is constant
as shown by Eqs. (35c) and (35d).

5. Fault-tolerant finite-time controller with full-state

feedback

In this section, the fault-tolerant finite-time control of
the spacecraft with four reaction wheels (Lee and
Leeghim, 2020) are reviewed. The adopted control consists
of a feedback control based on the continuous non-singular
fast terminal sliding mode method and compensation term
based on the finite-time disturbance observer (Lee and
Leeghim, 2020). The FTDO is integrated with the NFTSM

control to estimate the lumped disturbance, d̂ due to exter-
nal disturbances, actuator faults, parameter uncertainty
and actuator saturation. The adopted controller is given
as follows and the detail derivations and stability analysis
are given in Ref. Lee and Leeghim (2020).

Theorem 5.1. Consider the spacecraft attitude tracking
control system (7) and (19) in the presence of actuator
faults, inertia uncertainty and external disturbances. All the
states in the closed-loop system will converge to a
neighborhood of the sliding surface s ¼ 0 in finite time by
applying the following control law:

uIc ¼ ueq þ ure;

ueq ¼ xe þ A qð Þxcð Þ�J 0 xe þ A qð Þxcð Þ
�J 0 x�

e A qð Þxc þ A qð ÞJ�1
c x�

c J cxc

� �
�J 0K

�1
2

1
c2

I þ K1c1diag jqtjc1�1
� 	h i

Q qIð Þsig2�c2 xeð Þ � J 0z1;

ure ¼ �J 0 k1sþ k2sigq sð Þð Þ;

8>>>>>>>>>><>>>>>>>>>>:
ð47Þ

where a novel non-singular fast terminal sliding mode sur-
face without any constraint and unwinding problem, the
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sliding surface is defined to achieve attitude tracking in
finite time, which is designed as follows:

s ¼ qIt þ K1sigc1 qIt
� �þ K2sigc2 xeð Þ; ð48Þ

in which qIt ¼ sign q4 0ð Þð Þqt; q4 0ð Þ is the initial condition of
q4, and the involved matrices are represented by

K1 ¼ diag k11; k12; k13ð Þ; K2 ¼ diag k21; k22; k23ð Þ;
with k1i > 0; k2i > 0; c1i > c2i; 1 < c2i < 2 for every
i ¼ 1; 2; 3. The discontinuous function sign q4 0ð Þð Þ is
defined as

sign q4 0ð Þð Þ ¼ 1; if q4 0ð Þð Þ > 0

�1; if q4 0ð Þð Þ < 0:

�
ð49Þ

A continuous fast-terminal sliding mode-type reaching law
defined in Yu et al. (2005) is empolyed as

_s ¼ �k1s� k2sigq sð Þ; ð50Þ
where k1 ¼ diag k11; k12; k13ð Þ; k2 ¼ diag k21; k22; k23ð Þ; k1i;
k2i > 0; 0 < q < 1. The tracking errors qt and xe converge
to zero with q4 ¼ 	1 in finite time.

The notation uIc represents the torque design by the
baseline controller where the FTDO and NFTSMC are
integrated; ucc denotes the command signal to each individ-
ual actuator from the control allocation (CA) scheme;
sat uccð Þ represent the constrained command signal to each
individual actuator; uactual represents the actual torque
actuator effect on the spacecraft; and sactual represents
actual torque acting on the spacecraft for attitude maneu-
vers by the chosen actuator configuration described by D

matrix. Thus, the actual torque actuator effect on the
spacecraft and the actual torque acting on the spacecraft
for attitude maneuvers are described by

uactual ¼ I � Eð Þsat uccð Þ þ Euð Þ; ð51Þ
sactual ¼ D I � Eð Þsat uccð Þ þ Euð Þ: ð52Þ
However, if there is no actuator fault, the actual torque
acting on the spacecraft for attitude maneuvers is described
by

sactual ¼ Dsat uccð Þ: ð53Þ

Assumption 1. The total uncertainty vector d 2 C2 which is
two times continuously differentiable.
j€dij < ‘i; 1; 2; 3; ð54Þ
where ‘i is the positive components of ‘ ¼ ‘1‘2‘3½ �T .

By the following 2nd-order differentiator (Pukdeboon
and Siricharuanun, 2014; Levant, 2000; Shtessel et al.,
2008) with Assumption 1, the lumped disturbance d (19)
can be estimated exactly in finite time. Consider the relative
attitude dynamics (19) where f is sufficiently smooth func-
tions, the second-order differentiator proposed for the esti-
mate of lumped disturbance d (Lee and Leeghim, 2020) is
8

_z0 ¼ f þ J�1
0 uIc þ m0;

m0i ¼ �k0i ‘
2=3
i jz0i � _eij2=3

� 	
sign z0i � xeið Þ þ z1i;

_z1 ¼ m1;

_m1 ¼ �k1 ‘
1=2
i jz1i � m0ij

� 	
þ z2i;

_z2 ¼ �k2 ‘ð Þsign z2 � m1ð Þ;

8>>>>>>>><>>>>>>>>:
ð55Þ

where i ¼ 1; 2; 3 and k0; k1; k2 are the observer coefficients,
the gain ‘i is chosen such that ‘i P jdn

i j, where dn
i denotes

dndi
dtn , and z3; z1 and z2 are the estimates of xe; J�1

0 d and

J�1
0

_d, respectively. Define the estimation error of the distur-

bance observer as e0 ¼ z0 � xe; e1 ¼ z1 � J�1
0 d and

e2 ¼ z2 � J�1
0

_d. The FTDO’s error system becomes

_e0i ¼ �k0 ‘
2=3
i je0ij2=3

� 	
sign e0ið Þ þ e1i;

_e1i ¼ �k1 ‘
1=2
i sign je1i � _e0ij1=2

� 	
sign e1i � _e0ið Þ þ e2i; _e2i

�
¼ �k2 ‘isign e2i � _e1ið Þ � €di;

�
8>>><>>>:

ð56Þ
Based on the concepts in Levant (2000), (56) is globally
finite-time stable. Hence, there exists a fixed constant T

such that ‘i ¼ 0 i ¼ 1; 2; 3ð Þ for t P T . It is known that if
the gain ‘i is chosen such that ‘i P jdm

i j, all the internal sig-
nals of FTDOB are bounded and after a finite-time T i, the
error signals e0; e1; e2 converge to zero, that is, the distur-
bance di and its derivatives are estimated in finite time.

That is z0 ¼ x̂; z1 ¼ J�1
0 d̂, and z2 ¼ J�1

0
_̂d. Considering the

second-order system (55), there exists a range of gains
k0; k1; k2 and ‘i such that the variables e0; e1; e2 can con-
verge to zero in finite time. The detailed proof and gains
selection can be found in Levant (2000).

The combined control uIc is converted to the command
signal for each individual actuator ucc using online pseudo
inverse control allocation (CA) scheme. The CA algorithm
with more than three actuators for three-axis stabilization/-
tracking (Hu et al., 2018) can be derived using a least-
square method, that is

min
n
kucck; subject to Ducc ¼ uIc : ð57Þ

which is equivalent to the well known pseudo inverse solu-

tion ucc ¼ DT DDTð Þ�1
uIc . Next, the command signal for

each individual actuator ucc is further specified with explicit
consideration of actuator constraint to deal with input sat-
uration problem. The saturation function is defined as
follows:

sat uccð Þ ¼ P uccð Þ � ucc; ð58Þ

sat uccið Þ ¼ ucci; if juccij 6 um
umsign uccið Þ; otherwise

�
; i ¼ 1; 2; . . .m:

ð59Þ
where ucc1; ucc2; . . . ; uccm½ � and um > 0 is the maximum tor-
que that each individual actuator can generate.

P uccð Þ ¼ diag P ucc1ð Þ;P ucc2ð Þ; . . . ;P uccmð Þ½ �, and
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Pi uccið Þ ¼ 1; if juccij 6 um
um
ucci

sign uccið Þ; otherwise

(
; i ¼ 1; 2; . . .m:

ð60Þ
The coefficient Pi uccið Þ represents an indicator for satura-

tion degree of the ith entry of the control vector, and it sat-
isfies the condition 0 < Pi uccið Þ 6 1. From (17) and (52),
the relative attitude dynamics under control input con-
straints can be described by

Jd _x ¼ � xe þ A qð Þxcð Þ�Jd xe þ A qð Þxcð Þ
þ Jd x�

e A qð Þxc þ A qð ÞJ�1
c x�

c J cxc

� �
þ D I � Eð Þsat uccð Þ þ DEuþ d0: ð61Þ

This equation is the governing equation for the relative
attitude dynamics between two spacecraft under actuator
faults, actuator saturation and unknown external
disturbances.

The adopted control (47) was implemented using full
state knowledge in Ref. Lee and Leeghim (2020). However,
it is important to note that all states must be observed in
order to implement the adopted controller in real time.
Unfortunately, this is rarely the case in practice. To resolve
this problem, the proposed MEKF filter in Table 2 is com-
bined with the adopted control to provide state estimates
for the unmeasured states. The block diagram of the atti-
tude estimation and tracking control systems is illustrated
in Fig. 2. The estimated relative quaternion, q̂ and biases

b̂c; b̂d of the chief and deputy spacecraft in the proposed
MEKF are used to compute the relative angular velocity
x̂. The estimated q̂ and computed x̂ are incorporated to
the FTDO and NFTSM to compute the estimated lumped

disturbance d̂ and the control uI0
c , respectively. Thus, the

composite attitude control law (47) combined the estimated
attitude estimation system is given by
Fig. 2. Block diagram of the attitude estimation/

9

uIc ¼ ueq þ ure;

ueq ¼ x̂e þ A q̂ð Þxecð Þ�J 0 x̂þ A q̂ð Þxcð Þ
�J 0 x̂e

�A q̂ð Þxc þ A q̂ð ÞJ�1
c x�

c J cxc

� �
�J 0K

�1
2

1
c2

I þ K1c1diag jq̂tjc1�1
� 	h i

Q q̂Ið Þsig2�c2 x̂eð Þ � J 0z1;

ure ¼ �J 0 k1ŝþ k2sigq ŝð Þð Þ;

8>>>>>>>>>><>>>>>>>>>>:
ð62Þ

where

ŝ ¼ q̂Ht þ K1sigc1 q̂Ht
� �þ K2sigc2 x̂eð Þ: ð63Þ

Thus, the attitude estimation system using the camera and
IMU sensors is integrated into the control system with four
reaction wheels. The combined attitude control and estima-
tion system expressed by (62) are used to perform attitude
tracking maneuvers with a full-state feedback during close-
proximity operations.

6. Simulation results

To demonstrate the effectiveness of the proposed ADCS,
numerical simulation results are applied for a rigid space-
craft with four reaction wheels as the deputy spacecraft
governed by (7) and (19) in conjunction with the adaptive
sliding mode control (Zhu et al., 2011), the NFTSMC com-
bining with the FTDO (47), and the proposed control
ADCS (62). The Landsat-8 is adopted as a chief spacecraft
while Scout Inc.’s Oversat, which will be lunched in 2023, is
adopted as a deputy spacecraft to verify the capability of
the proposed ADCS system during close-proximity opera-
tions. The chief and deputy spacecraft is assumed to have
communication so that the chief can provide the attitude
states to the deputy during close-proximity operations.
The deputy spacecraft will be tested to show both precise
relative attitude estimation and control tracking perfor-
mance from the large inititial attitude error. The four reac-
tion wheels of the deputy spacecraft are mounted in a
determination and tracking control systems.
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tetrahedron configuration, as illustrated in Fig. 3. The
advantage of this tetrahedron configuration is that the
wheel assembly can provide twice as much of maximum
torque on an axis that a single wheel can provide (Kok,
2012). The tetrahedron configuration matrix D is defined
as follows (Xiao and Hu, 2013):

D ¼

ffiffiffiffiffiffiffiffi
1=3

p ffiffiffiffiffiffiffiffi
1=3

p � ffiffiffiffiffiffiffiffi
1=3

p � ffiffiffiffiffiffiffiffi
1=3

pffiffiffiffiffiffiffiffi
2=3

p � ffiffiffiffiffiffiffiffi
2=3

p
0 0

0 0 � ffiffiffiffiffiffiffiffi
2=3

p ffiffiffiffiffiffiffiffi
2=3

p
264

375:
To compare the attitude tracking control performances of
the ADCS system in Fig. 2 with those of other controllers,
the ASMC (Zhu et al., 2011), the NFTSMC (Lee and
Leeghim, 2020), and the FTDO-based NFTSMC without
anti-unwinding capability (Lee and Leeghim, 2020) are also
simulated combining with the proposed attitude estimation
system under the same simulation condition. The controller
parameters of the chosen controllers listed in Table 3. The
inertia matrix of the chief spacecraft, Jc and the inertia
matrix of the deputy spacecraft, Jd are specified, respec-
tively, while the inertia uncertainty of the deputy spacecraft
is 20 percent, DJd ¼ 0:2Jd .

Jc ¼
420:8 0 0

0 410 0

0 0 690

264
375 kg �m2;

Jd ¼
20 1:2 0:9

1:2 17 1:4

0:9 1:4 15

264
375 kg �m2:

The maximum output torque of each reaction wheel is
um ¼ 0:3 N�m. The external disturbance d0 tð Þ is taken to
account and chosen as
Fig. 3. Tetrahedron configuration of four reaction wheels in the space-
craft body-fixed frame xb; yb; zbð Þ.

10
d0 ¼ 5� 10�2 �
1þ sin pt=125ð Þ þ sin pt=200ð Þ
1� sin pt=125ð Þ � sin pt=200ð Þ
1þ cos pt=125ð Þ þ cos pt=200ð Þ

264
375 N �m:

To evaluate the control performances under severe actua-
tor faults, the following fault models are used.

E1 tð Þ ¼ 1; if30 6 t 6 40

0:6; ifotherwise

�
;

E2 tð Þ ¼ 1; if30 6 t 6 40

0:3; ifotherwise

�
;

E3 tð Þ ¼ 0; E4 tð Þ ¼ 1; if30 6 t 6 40

0:3; ifotherwise

�
;

u1 tð Þ ¼ u3 tð Þ ¼ 0; u2 tð Þ ¼ u4 tð Þ ¼ 0:1; if 6 30

0; ifotherwise:

�
ð64Þ

A summary of numerical values of the same simulation
parameters for four different controllers and the optical
vision (camear sensor) model for determining resolution
and measurement uncertainty at indeterminate distances
based on normalized resolution is given in Table 4. To
demonstrate the ability of the ADCS system in Fig. 2
against unwinding problem, the initial condition of the sys-

tem state is chosen by q 0ð Þ ¼ 0:3� 0:2� 0:3� 0:8832½ �T
where the sign of the scalar part of q 0ð Þ, (q4 0ð Þ < 0) is neg-
ative and the spacecraft is to rotate an angle

# ¼ 2 cos�1 0:8832ð Þ ¼ 304:06
 if 0001½ �T is the only stable
equilibrium. However, rotation for an angle
# ¼ 2 cos�1 �0:8832ð Þ ¼ 360
 � 304:07
 ¼ 55:93
 can

ensure an unwinding-free attitude tracking if 000� 1½ �T is
considered for a stable equilibrium.

Numerical simulations are performed for 300 s by 10 Hz
step size while momentum changes occur for attitude syn-
chronization using four different controllers under the same
simulation condition. The initial condition of q4 is �0.8832,

so the closest equilibrium point is 000� 1½ �T . All simula-
tions are performed under the same actuator faults.
Fig. 4 presents the additive and multiplicative faults in
the reaction wheels of the spacecraft during attitude
maneuvers in close-proximity operations using the fault
model (64). Some reaction wheels lose partial power and
have stuck faults.
6.1. Relative attitude estimation under the actuator faults

In this relative attitude estimation, errors of �50, 60,
and 150 deg for each axis of the deputy spacecraft, respec-
tively, are added into the initial condition attitude estimate,
with initial bias estimates set to zero. The initial covariance
Pþ
0 is diagonal with attitude error elements set to

Patt ¼ 60 degð Þ2 and bias error elements set to

Pbias ¼ 0:2 deg =hð Þ2. The measurement error covariance

sets to Rk ¼ 0:0337� p=180ð Þ2I3 ¼ 327:58arcsecð ÞI3. The



Table 3
Controller parameters.

Control scheme Control gains

ASMC (Zhu et al., 2011) s ¼ 0:5I ;r ¼ 0:001I; k ¼ 1; b ¼ 30; p3 ¼ 0:1; k̂3 0ð Þ ¼ 040; ĉ 0ð Þ ¼ 0:0015
NFTSMC (Lee and Leeghim, 2020) K1 ¼ I ;K2 ¼ 3I; k1 ¼ k2 ¼ 2I ; c1 ¼ 2:1; c2 ¼ 1:2
FTDO-based the NFTSMC (Lee and Leeghim, 2020) K1 ¼ I ;K2 ¼ 3I; k1 ¼ k2 ¼ 2I ; c1 ¼ 2:1; c2 ¼ 1:2
Composite control (Lee and Leeghim, 2020) ‘ ¼ 0:0060:0060:006½ �T

Table 4
Attitude simulation parameters.

Simulation paramters Values

Initial gyro biases bc ¼ 0:10:10:1½ � deg=h
bd ¼ 0:10:10:1½ � deg=h

Gyro noises rcu ¼ rdu ¼
ffiffiffiffiffi
10

p � 10�10 rad=s3=2

rcv ¼ rdv ¼
ffiffiffiffiffi
10

p � 10�5 rad=s1=2

Initial angular velocities xc ¼ 10�3 � 0:30� 0:600:21½ �T rad=s
xd ¼ 0:0999� 0:10070:0998½ �T rad=s
xe ¼ 0:1� 0:10:1½ �T rad=s

Initial quaternions qc ¼ 0:6736� 0:0534� 0:73520:0534½ �T
qd ¼ �0:70990:01800:5146� 0:4805½ �T
qe ¼ 0:3000� 0:2000� 0:3000� 0:8832½ �T

Initial observer state z1 ¼ z2 ¼ z3 ¼ 000½ �T
Focal length, f l 0.25 m
Distance between the focal plane and feature of interest, D, 10 m
pixel pitch, p 4:8� 10�6

Optical wavelength of the sensor, k 55� 10�6m
rq 0.0017 deg

Fig. 4. Applied actuator faults.
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attitude estimation results are obtained under the actuator
faults. The attitude control and estimation simulations are
performed with the values in Table 4 including the imaging
model in Section 3.2. Fig. 5(a) and (b) show the chief and
deputy bias estimates, which are well estimated by the
MEKF after 200 s. Fig. 5(c) shows the relative attitude esti-
mation errors and 3r bounds derived from the MEKF
error covariance matrix. All errors remain within their
11
respective bounds, which means that the MEKF works
properly. From the large initial attitude error, the relative
attitude estimation errors go down quickly and are within
0.05 deg. The convergence of the relative attitude estima-
tion errors can be obviously observed in Fig. 5(d) where
the norm of the relative attitude estimation errors converge
to within 1 s and lower than 0.01 deg after 1 s. This indi-
cates that the MEKF promptly achieves precise attitude
estimation. Fig. 5(d) shows the relative angular velocity
estimates using (35b). The norm of relative angular velocity

errors converge to within 2� 10�5 rad/s after 1 s. Thus, the
MEKF using a camera sensor and two gyros shows that it
can provide high-precision relative attitude estimation
result whose estimation error is within 0.1 deg even from
an initial large attitude error within 1 s. Table 5 shows
the RMS (root mean square) errors of the attitude estima-
tion under actuator faults and large intial attitude errors
for 30 s.
6.2. Attitude tracking results under the actuator faults

In this section, the attitude tracking results of the ADCS
system are compared with the controllers combined with
the proposed EKF system. Fig. 6 shows the sliding surface
(63) approach zero after 50 s, which indicates that the
adopted controller combined with the MEKF drives the
attitude states to the sliding surface s ¼ 0. Fig. 7 shows



Fig. 5. Gyro bias estimates, relative attitude errors and computed relative angular velocity.
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Table 5
Root mean square errors for the attitude estimation.

RMS error Value

Roll (deg) 2.15
Pitch (deg) 0.65
Yaw (deg) 1.44
dx1 (rad/s) 1:866� 10�5

dx2 (rad/s) 1:693� 10�5

dx3 (rad/s) 1:426� 10�5

Obersvation residuals 2:686� 10�3

Fig. 6. Sliding surface using the ADCS.

Fig. 7. Lumped disturbance estimates.
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the estimate of the lumped disturbance d̂ with the actual

lumped disturbance d. The convergence of d̂ to d takes
about 60 s with some oscillations due to the actuator faults.

Fig. 8 shows time responses of the attitude tracking
results represented by the relative quaternion, qe and rela-
tive angular velocity, xe with four different controllers
combined with the proposed EKF under actuator faults,
13
external disturbances and the uncertain inertia matrix.
The ASMC (Zhu et al., 2011) and the FTDO-based
NFTSMC without anti-winding capability (Lee and
Leeghim, 2020) in Fig. 8(a) and (c) show unwinding prob-
lem getting to the equilibrium 0001½ � instead of 000� 1½ �.
On the other hand, the NFTSMC (Lee and Leeghim,
2020) and the proposed ADCS in Fig. 8(b) and (d) which
have anti-unwinding capability show the convergence to
the closer equilibrium 000� 1½ �. They obviously show fas-
ter attitude tracking results than the ASMC (Zhu et al.,
2011) and the FTDO-based NFTSMC which does not have
anti-winding capability (Lee and Leeghim, 2020). Fig. 9
shows time responses of control command via input satura-
tion, sat(ucc) under actuator faults, external disturbances
and the uncertain inertia matrix. The ASMC (Zhu et al.,
2011) and the FTDO incorporated with the NFTSMC
without anti-winding capability (Lee and Leeghim, 2020)
require higher control responses. To compare the attitude
tracking performances of four different methods, the
attitude tracking errors and control commands via input
saturation are quantified. The performance indices are
obtained by numerically integrating the norms of the atti-
tude tracking errors by Euler angle errors using a common
simplification given by the small angle approximation
(Crassidis and Junkins, 2008), and the norms of control
torques over the simulation run, given by

Je ¼
Z tf

0

ke tð Þkdt; ð65Þ

Juactual ¼
Z tf

0

kuactual tð Þkdt; ð66Þ

where e tð Þ denotes the roll, pitch and yaw errors. The per-
formance indices for the attitude control performances of
four different methods combined with the MEKF are listed
in Table 6. Among them, the proposed ADCS which com-
bines the proposed control (Lee and Leeghim, 2020) and
the MEKF shows the smallest Je, which indicates that its
accumulated attitude error is the smallest. The proposed
ADCS and the NFTSMC (Lee and Leeghim, 2020) com-
bine with the MEKF show a very similar value in Juactual

and smaller values of the ASMC and the FTDO-based
NFTSMC (Lee and Leeghim, 2020) combined with the
MEKF. It means that they are also efficient in consuming
the control torque while the attitude tracking maneuvers
are performed.

Figs. 10 and 11 show the norms of attitude tracking
errors and energy consumption indices (66) for four differ-
ent controllers combined with the MEKF under severe
actuator fault models using (64) and external disturbance.
The proposed ADCS obviously shows the smallest norms
of the attitude tracking errors while the energy index by
the ADCS shows a little bigger than than that of the
NFTSMC (Lee and Leeghim, 2020). It is due to the addi-
tional use of control torque requested by the FTDO to
cope with the lumped disturbance. It is also due to the fact



Fig. 8. Time responses of the attitude tracking results.
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that the proposed control in Ref. Lee and Leeghim (2020)
has only capability to drive the attitude states into the
neighborhood of the surface s ¼ 0 rather than onto the
sliding surface in the presence of actuator faults. It is also
obvious to observe the norms of attitude tracking errors
by the proposed ADCS in Fig. 10 reduce fastest among
them. Note that the norms of attitude tracking errors by
the NFTSMC (Lee and Leeghim, 2020) and the proposed
ADCS go down quickly within 60 s while actuator faults

occur to get to the closer equilibrium 000� 1½ �T while the
ASMC and FTDO-based NFTSMC drive the quaternion

states to the further equilibrium state 0001½ �T by consuming
bigger control power and taking longer tracking time,
which results in unwinding problem. Fig. 11 shows the
energy indices of the proposed ADCS are obviously smal-
ler compared to those of the ASMC (Zhu et al., 2011) and
the FTDO-based NFTSMC without anti-unwinding capa-
14
bility (Lee and Leeghim, 2020). The energy index of the
proposed ADCS in Fig. 11 is a little higher than the energy
index of the NFTSMC (Lee and Leeghim, 2020) because
the FTDO in the proposed ADCS compensates for the
actuator faults, external disturbances and inertia uncer-
tainty by commanding higher control power. These simula-
tion results verify that the ADCS show finite-time
convergence, fault tolerant and anti-unwinding capabili-
ties, and robustness to external disturbances and inertia
uncertainty.
7. Conclusion

A real-time high-precision relative attitude estimation
method using a camera sensor and two gyros was devel-
oped and combined with a fault-tolerant finite-time atti-
tude tracking control law to develop an ADCS for



Fig. 9. Time responses of control commands via input saturation, sat(ucc).

Table 6
Attitude control performances of four different methods combined with the MEKF.

Performance
index

Used control method

ASMC (Zhu et al.,
2011)

NFTSMC (Lee and
Leeghim, 2020)

FTDO-based NFTSMC (Lee and
Leeghim, 2020)

Proposed control (Lee and
Leeghim, 2020)

Je 2:964� 104 3:276� 103 1:422� 104 3:244� 103

Juactual 99.906 24.266 58.509 24.687
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attitude tracking maneuvers during close-proximity opera-
tions. The MEKF was adopted to process quaternion mea-
surements without violating a quaternion constraint. The
proposed ADCS takes the full-state feedback form com-
bining the FTDO-based NFTSMC and the developed
high-precision relative attitude estimation method that pro-
vides a full-state knowledge of the estimation to the control
law instead of the true state which was used in the the
FTDO-based NFTSMC. The proposed ADCS system
15
has finite-time stability and anti-unwinding capability in
the presence of external disturbances, inertia uncertainty,
and actuator faults. Numerical simulations were performed
in conjunction with three other control laws combined with
the MEKF in the presence of external disturbances, uncer-
tain inertia parameter, and actuator faults to demonstrate
the effectiveness of the proposed attitude estimation and
control system. The simulation results show that the rela-
tive attitude estimation errors by the MEKF are within



Fig. 10. Norms of attitude tracking errors.

Fig. 11. Energy consumption indices.
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0.05 deg after 1 s from the large initial attitude error. The
proposed ADCS also shows fault-tolerant, anti-unwinding
capability, and precise attitude tracking convergence in
finite time while the control momentum is more efficiently
saved the conventional control laws. Thus, the effectiveness
of the proposed ADCS system was successfully verified
with for an attitude tracking control maneuver during
close-proximity operations.
Declaration of Competing Interest

The authors declare that they have no known competing
financial interests or personal relationships that could have
appeared to influence the work reported in this paper.
Acknowledgments

The work was supported in part by the NASA SBIR
contract 22-1-S16.03-1719.
16
Appendix A. The probability spread function of a
received discernible (unit) signal within the magnitude
threshold for pixel-level binning of observed objects is
assumed to be normal. The functional resolution is calcu-
lated based on the full-width half magnitude (FWHM)
wavelength of the sensor. By definition of a normal prob-
ability curve, the integrated signal with greater than 50 %
amplitude is roughly invariant and corresponds with

2rz

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 log 2ð Þp ¼ 2:35rz. rz represents the standard devia-

tion of any arbitrary normal distribution function. This
constitutes approximately 75 % of the full signal area, or a
probability space defined by a Z-score of 0.68. The team
conducted empirical testing of a variety of vision algo-
rithms using contrast detection and neural network-based
feature detection and inference as baselines which yielded a
tuned Z-score of reference for the imaging application to be
0.66, which corresponds with an aggregate probability
space for a normal curve of 0.7454.
References

Abdelrahman, M., Park, S.-Y., 2011. Sigma-point kalman filtering for
spacecraft attitude and rate estimation using magnetometer measure-
ments. IEEE Trans. Aerosp. Electron. Syst. 47 (2), 1401–1415.

Cao, T., Gong, H., Cheng, P., Xue, Y., 2022. A novel learning observer-
based fault-tolerant attitude control for rigid spacecraft. Aerosp. Sci.
Technol. 128.

Crassidis, J.L., 2005. Sigma-point kalman filtering for integrated gps and
inertial navigation. In: Collection of Technical Papers - AIAA
Guidance, Navigation, and Control Conference. San Francisco, CA,
United States, pp. 1981–2004.

Crassidis, J.L., Junkins, J.L., 2008. Optimal Estimation of Dynamic
Systems, 2nd ed. CRC Press, Boca Raton, Florida, USA, pp. 452–454.

Du, H., Li, S., Qian, C., 2011. Finite-time attitude tracking control of
spacecraft with application to attitude synchronization. IEEE Trans.
Automat. Contr. 56 (11), 2711–2717.

Farrenkopf, R., 1978. Analytic steady-state accuracy solutions for two
common spacecraft attitude estimators. J. Guid. Control Dyn. 1 (4),
282–284.

Hu, Q., Huo, X., Xiao, B., 2013. Reaction wheel fault tolerant control for
spacecraft attitude stabilization with finite-time convergence. Int. J.
Robust Nonlinear Control 23 (15), 1737–1752.

Hu, Q., Tan, X., Akella, M.R., 2017. Observer-based attitude control for
satellite under actuator fault. J. Guid. Control Dyn. 40 (10), 2524–
2537.

Hu, Q., Shao, X., Chen, W.-H., 2018. Robust fault-tolerant tracking
control for spacecraft proximity operations using time-varying sliding
mode. IEEE Trans. Aerosp. Electron. Syst. 54 (1), 2–17.

Jiang, B., Hu, Q., Friswell, M.I., 2016. Fixed-time attitude control for
rigid spacecraft with actuator saturation and faults. IEEE Trans.
Control Syst. Technol. 24 (5), 1892–1898.

Kim, S.-G., Crassidis, J.L., Cheng, Y., Fosbury, A.M., Junkins, J.L.,
2007. Kalman filtering for relative spacecraft attitude and position
estimation. J. Guid. Control Dyn. 30 (1), 133–143.

Kok, I., 2012. Comparison and analysis of attitude control systems of a
satellite using reaction wheel actuators Master’s Thesis. Lulea
University of Technology.

Lan, Q., Qian, C., Li, S., 2017. Finite-time disturbance observer design
and attitude tracking control of a rigid spacecraft. J. Dyn. Syst. Meas.
Contr. 139 (6), 061 010-1–061 010-8.

Lee, D., 2017. Nonlinear disturbance observer-based robust control of
attitude tracking of rigid spacecraft. Nonlinear Dyn. 88 (2), 1317–1328.

http://refhub.elsevier.com/S0273-1177(23)00004-2/h0005
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0005
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0005
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0010
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0010
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0010
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0020
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0020
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0025
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0025
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0025
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0030
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0030
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0030
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0035
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0035
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0035
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0040
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0040
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0040
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0045
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0045
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0045
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0050
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0050
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0050
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0055
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0055
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0055
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0060
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0060
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0060
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0065
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0065
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0065
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0070
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0070


D. Lee, S. Gallucci Advances in Space Research xxx (xxxx) xxx
Lee, D., 2021. Finite-time fault-tolerant control for attitude tracking of
rigid spacecraft using new intermediate quaternion. IEEE Trans.
Aerosp. Electron. Syst. 57 (1), 540–553.

Lee, D., Leeghim, H., 2020. Reaction wheel fault-tolerant finite-time
control for spacecraft attitude tracking without unwinding. Int. J.
Robust Nonlinear Control 30 (9), 3672–3691.

Lefferts, E., Markley, F., Shuster, M., 1982. Kalman filtering for
spacecraft attitude estimation. J. Guid. Control Dyn. 5 (5), 417–429.

Levant, A., 2000. Higher-order sliding modes, differentiation and output-
feedback control. Int. J. Control 76 (9–10), 924–941.

Liebe, C., 1995. Star trackers for attitude determination. IEEE Aerosp.
Electron. Syst. Mag. 10 (6), 10–16.

Lu, K., Xia, Y., 2013. Adaptive attitude tracking control for rigid
spacecraft with finite-time convergence. Automatica 49 (12), 3591–
3599.

Lu, K., Xia, Y., Fu, M., Yu, C., 2016. Adaptive finite-time attitude
stabilization for rigid spacecraft with actuator faults and saturation
constraints. Int. J. Robust Nonlinear Control 26 (1), 28–46.

Mayo, R.A., 1978. Relative quaternion state transition relation. J. Guid.
Control Dyn. 2 (1), 44–48.

Park, T.H., Sharma, S., Amico, S.D., 2019. Towards robust learning-
based pose estimation of noncooperative spacecraft. AAS/AIAA
Astrodynamics Specialist Conference, vol. 171. AAS, pp. 19–840.

Pukdeboon, C., Siricharuanun, P., 2014. Nonsingular terminal sliding
mode based finite-time control for spacecraft attitude tracking. Int. J.
Control Autom. Syst. 12 (3), 530–540.

Sajjadi, M., Chahari, M., Vossoughi, G., 2021. Designing nonlinear
observer for topography estimation in trolling mode atomic force
microscopy. J. Vib. Control 28 (23–24), 10775463211038140.
17
Schmidt, S.F., 1981. The kalman filter: Its recognition and development
for aerospace applications. J. Guid. Control Dyn. 4 (1), 4–7.

Shen, Q., Wang, D., Zhu, S., Poh, E.K., 2015. Inertia-free fault-tolerant
spacecraft attitude tracking using control allocation. Automatica 62,
114–121.

Shtessel, Y.B., Fridman, L., Zinober, A., 2008. Higher order sliding
modes. Int. J. Robust Nonlinear Control 18, 381–384.

Tewari, A., 2007. Atmospheric and Space Flight Dynamics. Birkhauser
Boston.

Tiwari, P.M., Janardhanan, S., un-Nabi, M., 2018. Spacecraft anti-
unwinding attitude control using second-order sliding mode. Asian J.
Control 20 (1), 455–468.

Wang, X., Abtahi, S.M., Chahari, M., Zhao, T., 2022. An adaptive neuro-
fuzzy model for attitude estimation and control of a 3 dof system.
Mathematics 10 (6), 976.

Xiao, B., Hu, Q., 2013. Reaction wheel fault compensation and distur-
bance rejection for spacecraft attitude tracking. J. Guid. Control Dyn.
36 (6), 1565–1575.

Yu, S., Yu, X., Shirinzadeh, B., Mand, Z., 2005. Continuous finite-time
control for robotic manipulators with terminal sliding mode. Auto-
matica 41 (11), 1957–1964.

Zhu, Z., Xia, Y., Fu, M., 2011. Adaptive sliding mode control for attitude
stabilization with actuator saturation. IEEE Trans. Industr. Electron.
58 (10), 4898–4907.

Zou, A.-M., 2014. Finite-time output feedback attitude tracking control
for rigid spacecraft. IEEE Trans. Control Syst. Technol. 22 (1), 338–
345.

http://refhub.elsevier.com/S0273-1177(23)00004-2/h0075
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0075
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0075
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0080
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0080
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0080
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0085
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0085
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0090
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0090
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0095
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0095
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0100
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0100
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0100
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0105
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0105
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0105
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0110
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0110
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0115
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0115
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0115
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0120
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0120
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0120
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0125
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0125
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0125
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0130
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0130
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0135
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0135
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0135
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0140
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0140
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0145
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0145
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0150
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0150
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0150
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0155
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0155
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0155
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0160
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0160
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0160
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0165
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0165
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0165
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0170
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0170
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0170
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0175
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0175
http://refhub.elsevier.com/S0273-1177(23)00004-2/h0175

	Spacecraft attitude estimation under attitude tracking maneuver �during close-proximity operations
	1 Introduction
	2 Relative attitude kinematics and dynamics
	2.1 Quaternion kinematics
	2.2 Relative attitude dynamics

	3 Sensor models
	3.1 Camera measurement model
	3.2 Imaging model
	3.3 Gyro measurement model

	4 Relative attitude estimation
	5 Fault-tolerant finite-time controller with full-state feedback
	6 Simulation results
	6.1 Relative attitude estimation under the actuator faults
	6.2 Attitude tracking results under the actuator faults

	7 Conclusion
	Declaration of Competing Interest
	Acknowledgments
	Appendix A 
	References


