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The Strapdown inertial navigation system (SINS) requires the precise attitude, whereas the deflection of the
vertical (DOV) is normally ignored in alignment. To solve the issue of orientation and position errors caused by
DOV, a novel DOV calculation method, estimated by misalignment angles based on single-axis rotating modu-
lation, is proposed. The theoretical limit error equation of attitude angle, affected by the coupling of inertial
measurement units (IMU) errors and DOV, has been specifically derived based on the inertial frame alignment
theory. It is pointed out that the DOV components directly affect the values of misalignment angles, coupling

with horizontal accelerometer errors. Moreover, the specific process of combining coarse alignment of inertial
frame and fine alignment of Kalman filter method is presented. Finally, the experiment analysis validates the
performance of the proposed method and correctness of the theoretical analysis, where the estimation accuracies
of DOV components are 0.349" and 0.479" respectively.

1. Introduction

HE initial alignment is the first and significant step for strapdown
inertial navigation system (SINS) to achieve high-precision position and
orientation, which is mainly obtaining the initial coordinate trans-
formation matrix from the body frame (b) to the navigation frame (n,
ellipsoid normal plane) as the initial condition for the following navi-
gation calculation [1-4]. For the traditional SINS navigation process,
due to the limitation for the precision of inertial measurement units, the
plump line on the geoid and the normal line on the ellipsoid are
considered as the same ignoring the influence of DOV. However, with
the development of inertial technology and requirements of high-
precision navigation in recent decades, the DOV has become one of
the main error sources in initial alignment and navigation [5-7].

As the irregular surface and uneven internal density of the Earth, the
ellipsoid, resembling the geoid, was put forward to briefly describe the
gravity field of the Earth in navigation and orientation [8-10]. The
difference between the two definitions (geoid and ellipsoid) derivate the
definitions of gravity disturbance vector (GDV) and DOV, which were
specifically introduced in chapterlIIl. Hence, the analysis of error influ-
ence and the effective measurement of GDV and DOV in SINS have
become the top issue in improving the precision of navigation and
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orientation. In this respect, Hanson et.al [11] investigated the correla-
tion between the DOV and uncalibrated zero biases of accelerometers in
initial alignment. Jekeli et.al [12] analyzed the precision improvement
of inertial navigation system (INS) after GDV compensation. Unfortu-
nately, the corresponding conclusions were qualitative and not univer-
sal. Fang et.al [13] investigated the gravity compensation method for
airborne position and orientation system. Chang et.al [14] investigated
the GDV compensation for INS and analyzed the performances of INS in
different compensation cases. In addition, Kwon et.al [15] investigated
the requirements for gravity compensation in Ultra-precise INS. Zhu et.
al [16] proposed a real-time gravity compensation method for attitude
calculation based on Kalman filter and constructed a Markov model
based on the gravity map. Due to the precision improvement of gravity
field spherical harmonic models (SHM), utilizing the SHM to conduct
DOV compensation for initial alignment and navigation has also become
another topic. Wang et.al [17] discussed the accuracy of truncated SHM
for application in INS. Tie et.al [18] investigated the effect of horizontal
gravity disturbance compensation for high-precision INS. Wu et.al [19]
investigated the gravity compensation effect using EGM2008 for long-
term INS.

From the perspective of DOV calculations, the astrogeodetic, gravi-
metric, levelling measurement and Global Satellite System (GNSS) based
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satellite methods are the most common means for DOV determination in
recent decades. Utilizing the astronomic and geodetic latitudes and
longitudes of the same point is the principle of astrogeodetic methods,
where the most classical representative is observing the astronomic
coordinates by digital zenith camera system [20]. However, restriction
by weather and inefficient measurement restraint this method’s appli-
cation. In recent years, the DOV calculation based on SINS/GNSS, which
adopting the attitude difference patten, has been developed a main-
stream. Dai et.al [21] constructed the model of attitude reference error
and inertial sensors errors. Zhu et.al [22] investigated the attitude dif-
ference method to estimate DOV in real time. Hao et.al [23] analyzed
the attitude error caused by DOV in INS/GNSS base. An et.al [24]
investigated the estimation of attitude angles based on fading memory
Kalman filter after DOV compensation. However, most efforts of the
previous work are almost either devoted to constructing the attitude
reference model based on GNSS or directly compensating the DOV in
INS without specific error analysis of DOV based on the theory of initial
alignment. With this consideration, this paper specifically derived the
error influence principle of DOV in inertial frame alignment and pro-
posed the DOV calculation method by misalignment angular observa-
tion based on single-axis rotation.

The contents are organized as follows: the reference coordinate
frames are briefly defined in Section II; Section III describes the defini-
tions of the gravity field and theory of inertial frame alignment; the error
equations of SINS and error analysis of DOV based on inertial frame
alignment are specifically described in Section IV; in Section V, the DOV
calculation process based on single-axis rotation is introduced and the
Kalman filter model is constructed; the experiments are conducted in
Section VI; eventually, conclusion are presented in Section VII.

2. Reference frame definitions

In the inertial space, there are six degrees of freedom during the
carrier movement including three angles and linear movements
respectively. Consequently, the carrier motion can be precisely
described by angular and linear movements in three directions. For the
strapdown inertial navigation system, the navigation calculation will
inevitably involve several reference frame definitions, and the attitude
calculation is based on vector transformation between the different
frames. Therefore, the several frames involved in this paper are illus-
trated in this section.

1) Inertial coordinate frame (i frame, O;X;Y;Z)).

Generally, the center of the reference ellipsoid model is selected as
the coordinate origin, the O;Z; axis points to the north pole along the
direction of the earth’s axis, and the O;X; and O;Y; axes located in the
earth’s equatorial plane. The i frame is static with respect to the distant
galaxies.

2) Geographic coordinate frame (g frame, OgX;YoZy).

It is defined that the origin of the coordinates is located at the center
of mass of the carrier, the OgX; axis and the O, Yy axis located in the local
horizontal plane, and point to the east and north directions respectively,
and the ellipsoid normal direction of the OgZj axis points to the up that
is, “E-N-U”.

3) Navigation coordinate frame (n frame, OpX,YnZp).

The navigation coordinate frame is defined as a unified frame used
for navigation calculations. The g frame is selected as the n frame in this

paper.

4) Body coordinate frame (b frame, OpXp YpZp).
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The mass center is defined as the origin of the b frame, and the OpXj,
OpYp, and OpZp point to the right, front, and up of the carrier,
respectively.

5) Strapdown platform coordinate frame (n’ frame).

Strapdown platform coordinate frame is defined as the navigation
frame calculated by SINS, which has a small deviation from the real
navigation coordinate frame (n).

6) Body inertial coordinate frame (iby frame).

It is defined the initial moment of the (b) frame in alignment. The iby
frame is stable relative to the inertial space.

7) Navigation inertial coordinate frame (ing frame).

The initial moment of the (n) frame in alignment is defined as the
navigation inertial coordinate frame. The ib0 frame is also stable relative
to the inertial space.

8) Inertial measurement units (IMU) coordinate frame (s).

The origin of the coordinate is located at the origin of the acceler-
ometer unit, and the three axes point in the direction of the nominal
sensitive axis of the inertial sensors. While the IMU is no rotation relative
to b frame, the s frame is consistent with b frame.

3. Gravity field and initial alignment
3.1. Definition of the gravity field

The geoid was proposed in 1873, which is the gravity equipotential
surface of the earth. Due to the geoid cannot be described by a mathe-
matical model, the reference ellipsoid was put forward to approximate
the geoid. Consequently, the gravimetric DOV is defined as the differ-
ence between the plump line in the geoid and the normal line in the
reference ellipsoid, as shown in Fig. 1. The DOV components in the west-
to-east direction and the south-to-north direction are 1, & respectively.
As shown in Fig. 2, the difference between the true gravity vector on the
geoid and the normal gravity vector on the reference ellipsoid is called
the Gravity Disturbance Vector (GDV), which can be expressed as:

58" =[—ngo —¢ég Agl" €]

where gy denotes the normal gravity value of a point, which can be

/ Deflection of the
vertical

Fig. 1. Gravimetric deflection of the vertical.
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Fig. 2. Gravity disturbance vector.

calculated by formula (2), Ag is defined as gravity anomaly that reflects
the value deviation of the two gravity definitions, which can be
expressed as formula (3).

1 4+ 0.00527094 x sin’L

g0 =9.780327 x (—1—0.0000232718 x sin’2L

) —0.3086 x 10 2)

Ag=g—8o (3)

In terms of geodetic coordinate, L and B mean the geodetic latitude
and longitude of a point, respectively, while in the astronomic coordi-
nate, ¢ and A reflect the astronomic latitude and longitude of the same
point, respectively.

3.2. Inertial frame alignment

Initial alignment, calculation of attitude transformation matrixCy, , is
the process that determines the initial attitude of SINS. Inertial frame
alignment is one of the most classical vector calculation methods, where
the matrix Cj can be divided into the form of multiplying three matrices.
The attitude matrix can be expressed as follows according to the char-
acters.

Cp=Cr Crcy @)

o 10

where C{:‘O represents the rotation of the (n) frame relative to the (iy,)
frame, which can be calculated by the latitude of the carrier location (L)
and time (t), shown as:

—sin[wie (1 — 1) |
—sinLcos[we (1 — o) ]
cosLcos|wie(t — o) ]

cos[wie(t — 1) ] 0
—sinLsin[w;. (t — fp)] cosL 5)
cosLsin[wie(f — 1p)]  sinL

C! =

1no

where L is the latitude, w;. is the Earth’s rotation rate.

In equation (4), C{;’“ represents the rotation of the body frame relative
to the body inertial coordinate frame; its initial form is unity
rnatrixCLbD (to) =1, The matrix CL"“ (t) can be real-time updated from the
gyroscope’s angle increment using the quaternion method based on
differential equation (6).

¢ () = ¢ (), x ) ©)

ibo
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Therefore, the key to calculate the matrix Cj is solving the matrixC}‘"";.
In this algorithm, the gravity vectorsg™ (t;),g™ (t2),g'™ (&1 ), and g (t,) at
two different moments in the ipp and ino coordinate frames are selected
as reference vectors to calculateCi:g , shown as equation (7).

-1

[g"™ (1) ]T
[g" (1) x g* () }T
g% (1) x g% (r2) x g™ ()]
7)

| T
C:bg = _ [g'"ﬂ(ll? x g (l‘z) }T
[g7 (1) x g™ (1) x g™ (1)]"

By substituting the obtained matrixesC%f“,Cﬁ:g,Cﬁo into equation (4)
correspondingly, the attitude transformation matrix can be obtained.
When projecting accelerometer measurements to the iy frame, the
attitude change of the carrier caused by carrier disturbance can be
tracked, which can effectively suppress the waggling disturbance of the

carrier.

4. Error analysis of inertial frame alignment
4.1. Inertial navigation error equation considering DOV

The mechanical arrangement of SINS is based on the specific force
equation, shown as:

Vi=Cf - (200 + ) x V' +g" (8)

where V" denotes the velocity of carrier in navigation frame, f° means
the specific force measured by accelerometer. g" means the projection of
true gravity vector in navigation frame. %, denotes the angle rate be-
tween the e frame and n frame.

Differentiate both sides of the above formula, the velocity error
equation can be obtained as:

V' = (= ¢" < )f" + CV’ — (26007, + 0l) x V" ©)
— (2w}, + @) x V" + 8¢"

where §V" means the velocity error, (¢" x ) means the antisymmetric
matrix of misalignment angle, V° denotes the constant zero bias errors of
accelerometers. 5g" means the gravity disturbance error, shown as for-
mula (1).

For the strapdown inertial navigation system, the attitude update
follows with the attitude differential equation, shown as formula (10),
while the attitude error equation can be obtained as formula (11).

C, = (@}, ) = Ch(@hx) — (@}, x )C} (10)
= -l x " —Cle’ + 50, an
1
Ru+h
s = S + 50 1
where Din = OWie T Oen M, = - 0 oM, =
= M 6V" + Mydp Ry+h
tanL
0
Ry+h
1%
0 —
(Rm +h)
wiesinL 0 Ve b th tant drift bi
— Wi 5 . 1.2 |, € means € constan! Il 1aS
e (RN + h)2
VEsech —VgtanL
W;eCOSL +
“ Ry+h (Ry + h)?

errors of gyroscopes, p reflects the position information, i.e, latitude,
longitude and elevation p = [L 4 1k

It is indicated from formula (9) and (11) that the DOV firstly in-
fluences velocity errors of carrier through the velocity channel, and then
affect the attitude errors. Therefore, the DOV information should be



S. Hao et al.

reflected in attitude errors of carrier. The error analysis of inertial frame
alignment will be introduced in the next section.

4.2. Error analysis of inertial frame alignment

Under the ideal conditions, the attitude transformation matrix can be
calculated by equation (4). However, due to the existence of IMU errors

and the gravity field model error, the estimation of E‘E should be
calculated by the following formula:

AN AN i ik
¢c,=C. C

ing “ipo b (12)
.o A0 Al Ao . .
where the matrlxesCino,Cibz, C,” include the error items respectively.
Differentiate both sides of the above formula, the error equation is

given by:
8C; = 8C} CCy 4 C 5CI C* + C Ciro5Cy° (13)

o 1o no o o b0

For the static-base alignment, due to the latitude of carrier and
rotation angular rate of earth can be obtained precisely, the above for-
mula can be simplified as:
8Cy = C} SCIC + Cf. Co5Ce a4

ipo in0 b0

From the relation between the misalignment angle and attitude error
matrix, the following formula can be obtained:

5Cl = —¢" x C} (15)
3Ciy = — " x Cip e
SCl = — 3 x Cp° a7

Substitute the above equations into the formula (14), the formula can
be rewritten as:
—¢" x Cp = —¢" x C}, CI*
_ o b . (18)
ino s )C:Z:: CZ»(! +C" C{no( _ (p'lx\ X )CZJO

no b0

_m _
- Ciuo (

Multiply the matrix C to both sides of the above formula, according
to the theory of matrix similar changes, the simplified equation can be
obtained as:

% =L (g )CE + C(— e )
= —(ep g %) = (e x)

Consequently, the misalignment angle (¢") of attitude error matrix
(6Cp) can be divided into two components, the projections (¢7) and (¢3)

19)

in (n) frame of the misalignment angle (¢i1"") and (¢2’°) respectively,
shown as formula (20).

# = (cudr) + (cLor) 20)
=9+ 95

1) misalignment angle ¢3 analysis.

For the measurement of SINS, the gravity vector projection under
inertial body frame (ipo) is generally calculated by specific force

1 —sin(;et) —sinL + cos(w;t)sinL
2(f) = — | —sinLcos(wict) +sinL  —sin’Lsin(w;ct) — w;ctcos’L
@ie | cosLeos(wiet) — cosL  sinLeosLisin(wif) — wiet]
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measured by accelerometers (fb(t)), given by:

~ivo , b

g =—C(0f () 2D

According to the equation (7) and (21), the error of matrix (6‘2’0 (t)
also have an impact on the matrix (E‘:Z (t)). Hence, the error of matrix

(6‘2’0 (t)) is initially introduced in this section.
When the measurement error of the gyroscopes is not considering,
the matrix (CL"“) follows with the equation (22), while on the contrary,

the differential equation of matrix (6‘2’0) is given as equation (23).

Cr = (@b x) (22)
(23)

The estimate matrix (E‘:,bo), consisting of the true value (CL"") and
error matrix (6C§;’°), is given by:

b0

C, =Clr 40 = (I—¢% x)Cp* (24)

Differentiate both sides of the above formula, the equation (25) can
be obtained.
2 0b0

o) :<7 'Z’W)cﬁu(h 0 x )¢l 25)

Substitute the equation (23) and (24) into the equation (25), the
formula is given by:

= g’“x)Cgﬂ(ebx):<—d)2’°x>C;§’° (26)
Known from the above equation (26), the differential equation of

misalignment angle matrix (d)iz"") can be obtain as:

B = —cive’ @7)
Integrate the above equation (26), the misalignment angle matrix

(¢5(t)) is given by:

r
(0 = CO, (VT2 g = —C2 (1) / Civ (z)ebdr
0 (28)

f
= —C{:‘U(t)/ Ci(7)e"dr
0

For the static-base initial alignment, the attitude of carrier is con-
stant, that ise® = C‘,}eb. Substitute the equation (29) (matrix Cir;“’) into the
equation (28) and simplified, the equation (30) can be obtained.

i sin(wjet) 1 —cos(wjet) 2
Cr == o)+ — (@)
cos(wet) —sinLsin(w;et) cosLsin(w;?)

= | sinLsin(w;r) cos’L+cos(wit)sin’L [1—cos(w;t)]sinLcosL
—cosLsin(wit) [1 —cos(wit)]sinLcosL sin®L+cos(w;.t)cos’L
(29)

cosL — cos(wjet)cosL
sinLcosL[sin(w;et) — wiet] | €" (30)
—cos*Lsin(w;et) — wietsin’L



S. Hao et al.

For the initial alignment time (t) is typically about two to five mi-

nutes, the rotate angle of Earth (wet) is small amount,
hence,sin(wiet) & wict,cos(w;et) ~ 1. The equation (30) can be simplified as
(31).
1 — Wit 0 0
¢y(t) = P 0 —wt 0 |e"= —g"t 31)
1 0 0 —Wiet

2) misalignment angle ¢} analysis.

It is indicated from Section B. Chapter III that the transformation
matrix (Cigg) can be calculated by equation (7) without the measurement
and gravity error. Considering the influence of DOV and IMU errors, the

calculation value of matrix (C °Y is introduced by:

1bo

in0 ~*T~T

C'nO +5Cluo —

ibo [ tnu ipo

c (32)

where the vector matrixes under the inertial navigation frame (ing) and
body frame (ipo) are respectively as follows:

=M+ om; "

,Vl’;)' o (3 3)
M, =M" +6M"
b0 b0 b0

Therefore, the equation (32) can be rewritten as:

C — C!un + 5C’uﬂ

b0 b0 b0
~_T~T
=M, M, 34
'n0 b0

= My, +6M,,) " (My, + M;,,)"

no

Clnn +( ino )Clm')

o 0

At the same time considering the DOV and IMU errors, the second-
order small amount of the coupling is ignored. The error matrix ((SC‘"")
can be divided into two components, the attitude transformation error
matrix (6C§:§ 1) influenced by DOV and the error matrix (5C§;g o) introduce
by IMU errors, shown as equation (35).

M M TsmT

5CZ:S = 5Ci/’:gl + 5C;;:§;2 = M’HU ipo ino ipo (35)

Compared the above equation and equation (16), the misalignment
angle matrix (¢™) is given by:

in T T l
(40 %) = (M0, + b, o, ) Cl =6

=M M, CI* + M;T5M] Cl* =M + N

o™ iy 1po 10
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Consequently, the error matrix (¢™) can also be divided into two
components, the alignment errors caused by DOV and IMU errors, to
analyze.

M;1C™ calculation.
bo " lno

(1) M = 6M; M,

The vector matrix consisting of gravity vector in two different mo-
ments (t;) and (tz) under the i, frame can be described as:

B ()]
ROl
i B (1) x

()
M, = ) % 70 (] =M,, +M,, 37
“ 5 (1) > & (e S

@™ (1) x 3" (1) x g (1))
8" (1) x 8" (t2) x " ()

where the matrixes involved in the above equation can be described as

following equations (38)-(41). The vectors §i“° (t1) and §i“° (t2) denote
the projection of gravity vectors in different two moments under the
inertial navigation frame (i,g) respectively.

tno (ll) gtno + 5gtno (1 N 2gin0 .5gino + 5gino .5gin0) -
in0 t 2
FelT e VT =8
L&) () gn(n)-dg"(n)
- 3 g™ (n)

8 8 g

where g (t) means the error of vector (g (t)), which can be given by
the multiplying between the DCM and gravity vectorgh(t) =
Cio(t)g",5g (t) = Cio(t)sg", g denotes the modulo ofgh*(t),g =

g (t1) || =g\/1+ (iwiecosL)>.

§”'°(t1) x g’nu (tz) Fin0 Spin0 0 . Spin0 i
—_— "+ — Yl
g™ @) xg™ @) r r

(39

where the vectors involved in above equation (39), r and ér™ are
given by equation (40). r means the modulo ofri.

=g (1) x g" (1)

Sri0 = g (1) x g™ (1) + g™ (1,) x 5g™ (1) (40)
r= |||l = & (t — t;)cosL
(1) x g % g0 o §gino in . §gino .
g,o(l) io( 2) glo( ) s s s 5™ i (1)
8" (1) x g™ (L) xg" @)l s s s

where the vectors involved in equation (41) are given by (42).

g0 — gfuo ([1) X gfmo (12) X g1r10 (tl)
S50 = 5gin0 (tl) X giuo (t2) X giuo (ll) + gino (tl) X 5giuo ([2) X gino (Il)
+8" (1) x g™ (12) x 8™ (1)
(1 + fiw;,cos’L)

(42)

s=||s| = gwi.cosL(t, — t,)

Substitute the equations (38)-(42) into the equation (37), the vector

matrix (6M;,,) can be given by equation (43).
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- - r 3 . 3 .
(6gw (gwhagMngu)T (n = 1108)" + E(n o) cos’ LsinL i +§ — (o) + &) cosLsinL
X °2 /92 3 3
< & [1 i (flw?e/)zr 1+ (nol)? [1 + (zlwﬁ)z]2
i in0 . S0 Y yin0 \ T
oM, = (E _(r or °)r ”) - ntanL ¢ (43)
r r
2 3 2

b (5N —(&anL + o af)’ + étanL{ + (ha}) ] —enw) +pans, (— 1+ En0L) — noy {1 + (hol) ]

z ¥ = 3 3
i < R 3 ) ] [1 + (nol) ] 1+ (no) [1 + (z]wg)z]z
_ ) r 4 -1 U P

g7 (1) (g_> howeosk !
ino (f
llg™ ()l 8 1+ (tlwieCOSL)z 1+ (tlaJ,-(,cosL)2
in in T i\ T
T g “’(tl) X g ‘° ()] _ (’ °) — 0 1 0 (44)
" llgi (1) x g (1)l r tiw;.cosL
ino ino ino r i\ T 0 =

g » (n)xg : (1) x 8" (11)] $ \/1 + (fhwi.cosL)? \/1 + (hwicosL)?
g () x go(w) < gn)] | | \s) ]

where o} and oY are the northward and upward projections of rotation
angular rate of Earth under navigation frame (n) respectively.of =
iecoSL,w = wiesinL.

It can be indicated from equation (36) that, the calculation of
misalignment angle (¢‘"°) consists of the right side of the equation. For
the convenience to calculate matrix (M), transpose the first term of the
right side of equation (36), which is given by equation (45).

=CioM ToM! = M, TsM! (45)

o~ ipo no no no

Substitute the equation (43) and (44) into (45) ignoring the second-
order values, the matrix (M) can be simplified as:

0 ntanL —n
—ntanL 0 I3 (46)
n - 0

M" =

(2 N=M; TzSMZbw 06‘?3 calculation.

In the last section, the misalignment angular error caused by DOV
has been analyzed, while the error influenced by IMU measurement
errors is introduced in this section.

Known from the second term of the right side in equation (36), the
matrix (N) can be calculated by matrixes (M(‘1 DT) given by equation (44)
and (éMgo) determined by formula (47).

[ )]

g™ @
i = [%"(tn) x?’:"( b)] “7)
H b0 ngo t H

6 (1) xg" (1) x 8 (n)]"
[ () x 8" () x 2" ()] |

where the gravity vector projection under inertial body frame (ipg) can
be calculated by equation (21).

Considering the constant zero bias errors of accelerometers and
ignoring the second-order amounts, the equation (21) can be rewritten
as:

7o) =g (0 +3g(1) = =€, (0 1)
= [ g0 X P~ g+ V)
~ g (1) — V(1) — i (1) x g(1)
=ChCrn[g" = V" = ¢5(0) x g

Known from the equation (48), the gravity vector error §g™ (t) can be
given by:

8 (1) = ClClo (1) = V" = (1) x ']
=Cr()[ = V" = 5(1) x ¢" | Cia
Similar with the equations (38)-(42), the vectors in inertial body

frame can be given as:

(48)

(49

2 (¢ 0o (¢ Sotho (¢ b0 (£,)-5g™0 () .

HimEI;”_g g(l) gg(l)_g (l)g3g (l)blho(fl) (50)
(1) x 2 (¢ i Spito ib0 . Spito

E20) xERL) _ph | o phdpn 51
g7 @) xg* @) » P P

S0 x gt % g i §qi iv0 . Sgino

g%( D) glw( 2) gm( Do_4* v g 00" i (52)
g" (1) x g™ (L) xg* )l e 4 q

where the vectors involved in the above equations are given by:

pih!) — gim» ([1) X gih(, (tz)
5p[ho = 5gi/7() (tl) X g[bl) ([2) +g[,,0 ([1) % 5gi"” (lz) (53)
p = llpll = gwic(t» — t1)cosL

g™ =g" (1) x g™ (1) x g™ (n)
8q" = 88" (1) x 8" (12) x g™ (1) +g" (1) x 38" (12) x 8" (1) (54
+g" (1) x g" (1) x 8g™ (1r)
q = llgll = g @i (t» — t1)cosL
According to the relationship of coordinate transformation, the
vector (g™ (t)) can be given by:

g (1) = CuCr(ng" (55)

Substitute the equations (48)—(55) into the equation (47) and ignore
the second-order amount, the matrix (BM; 0) is given as equation (56)
and the matrix (N) can be rewritten as equation (57).



S. Hao et al.

[(I+ 1o} x ) (" x g" — V”)]T

Measurement 204 (2022) 112047

[ 5gih0 (giho ‘5gi»,o)giho 7
(5 - [+ e, <)@ x ¢~ )] x (1 + 0, 0]+
s [0+ 10 0] x ({1 0, % )€ 5" — )]
oM! = (M _ M) = r | Cie (56)
Per [+ 00t x ) (€' x & — )] x [(1+6atx)g"] x [(I+natx)g"]+
(&]"’0 (g™ '5‘f"°)ql”°> [(I+naftx)g"] x [(I +nol, x ) (€'t x g" — V") ] x [(I+nhaf,x)g"]+
L\ ¢ 7 _ [(I+nofx)g"] x [(I + ol x)g"] x [(I + o, x ) (€'t x g" —V")]
[(I +hw!, x )(e"tl x g" — V”)]T
T
[(I+haf x ) ('t x g" = V") ] x [(I+ ol x)g"]|+
| [0+ o] = [(1+ 0%, %) € x & — )]
N = M = b (ot 7

Subsequently, the equation (44) is substituted into the matrix (N)
reserving the first-order values with ignoring the error term about et as
well as high-order amounts. Simplified the equation (57) and the matrix
(N) can be ultimately given by:

1
0 —VgtanL — —ep —Vg
8 e
1
N = 7V5tanL NSE 0 *QVN (58)
1 1
Ve —Vn 0
8 8

And then, substitute the equation (46) and (58) into the formula
(36), the misalignment angle caused by DOV and IMU errors (¢™*) can
be obtained as equation (59).

T
P = —%—J; %-ﬁ-n (%-Hy)tanL—jsE} (59)
i,
8
n n n n i n Ve
P =P = CL P+~ PR (60)

(E + ;1) tanL — LNE‘E
8 W,

Ultimately, the equations (31) and (59) are substituted into the
equation (20), the misalignment angle, caused by the coupling of DOV
and IMU errors, of initial alignment is introduced as equation (60).

It is indicated from equation (60) that the DOV components are
coupled with the errors of horizontal inertial sensors reflected in the
misalignment angles. The values of DOV directly restrain the alignment
accuracy. In the respect of eastward and northward components of
misalignment angle, the DOV components can be precisely estimated by
horizontal misalignment angle, if the zero bias of horizontal acceler-
ometers can be effectively suppressed. Based on the previous analysis, a
novel DOV calculation method, estimated by misalignment angles based
on single-axis rotating modulation is proposed and specifically

[+ e, > ) (e x g = 9)]  [(1 + m0x)g’] x [(1 +nox)g] +
[(1+noLx)g"] x [(I+ 0ol x ) (" x g" = V") ] x [(I + Holx)g"]+
[(I + n1ox)g"] x [(I + nalx)g"] x [(I+nw} x ) (€'t x g" —V")]

introduced in the next chapter.
5. DOV Estimation Method and Kalman Filter
5.1. The principle of single-axis rotating modulation error suppression

Relative to the single-position alignment, the single-axis rotation
modulation method continuously rotates the IMU relative to the carrier
around the azimuth axis at a constant angular rate, which not only
makes the system completely observe but also the constant error of
horizontal IMU can be modulated into a periodic signal which integrated
to zero in a fixed rotation period, to suppress the constant error of the
horizontal inertial sensors to the initial alignment.

The constant drift bias errors and zero bias errors of gyroscopes and
accelerometers are supposed to express as (ex), (&), (&;) and (Vy), (Vy),
(V) respectively. For the initial moment, the IMU frame (s) is consistent
with the body frame (b) and the IMU rotates around the azimuth axis at a
constant angular rate (w). Consequently, the transformation relation
between the IMU frame and body frame can be expressed as equation
(61) and the errors of IMU under body frame after rotation can be
determined by equations (62) and (63) respectively.

coswt —sinwt 0

C;’ = | sinwt coswt O (61)
0 0 1
o .
X £,COSMI — eySinwt
sly’ = | &sinwt + eycosmt (62)
b I3
L 62‘ Y
o .
X Vicoswt — Vysinwt
V‘; = | Vsinwt + Vycoswt (63)
Vh Vy
¥4

Known from equations (62) and (63), the constant errors of the
horizontal inertial sensors become the periodic signals after being
modulated by single-axis rotation, and the integral of the signals is zero
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Fig. 3. Process of DOV estimation.

within one complete rotation period. It is indicated from equation (60)
that the initial alignment error is mainly related to constant errors of
horizontal inertial sensors. Hence, the rotation modulation can effec-
tively suppress the horizontal inertial sensors errors and the constant
errors of sensors during a rotation period is introduced as the following
paper.

There is a constant drift in the laser gyroscope and zero bias in the
accelerometers, which affect the horizontal and azimuth alignment ac-
curacy in the initial alignment of SINS. Integrate the equations (62) and
(63) during a rotation period, which can be given by:

! '
V,coswt — V sinwt)dr / Vf + Vicos(wt + a)dr
X sinor)ar [+ Veoson +a
t

VE -
! (64)
VVi+ Vi ‘
e [sin(wf 4+ a) — sina]
a = arccos z
Vi v?

Same as equation (64), the northward zero bias and eastward drift
can be calculated by:

! T
V,sinwt + V,coswt)dr / V2 + Visin(wt + a)dr
X osan)de [/ sitor 0
t

VN — 0
! (65)
VAR
= [cos(wt + a) — cosa]
4 T
/ (eccoswr — g,sinwt)dr / \/ & + € cos(wt + f)dr
£ = 20 _Jo
t t (66)
£+e )
= [sin(wt + p) — sinf]
J = arccos &

/g2 2
&t &

The horizontal and azimuth alignment errors caused by constant
drift and zero bias of gyroscopes and accelerometers are given by
equations (67)-(69) respectively.

AT

oy = P ot cos(wr + a) — cosa | (67)
WAERAY
oy = % = - T [sin(wt + a) — sina ] (68)
(L

It can be seen from equations (67)-(69) that the horizontal and az-
imuth misalignment angle has been modulated into the periodic signals

after the rotating modulation. Besides, the horizontal misalignment
angle is related to the zero bias of horizontal accelerometers (V,,V,),
rotation angular rate of the turntable (w) and the alignment time (t). At
the same time, the integration of the horizontal misalignment angle
caused by IMU errors during a rotation period is zero, which means the
misalignment angles after rotating modulation directly reflect the DOV
information on static-base. Consequently, based on the previous anal-
ysis, the specific process of the DOV estimation method is introduced in
Section C.

A\ £
¢y = ~LtanL ——F
g W;eCOSL

tanL,/ V2 + V? \JE2 €2
—————[sin(wt + @) — sina] ————]

gt W;.COSLwt
— sinfj ]

sin(wt + )

(69)
5.2. Kalman filter model based on DOV modeling.

Kalman filter, a classical optimal estimation theory, widely appli-
cated for state estimation in linear systems. For the initial alignment of
SINS, the adaptive condition of Kalman filter is under the small
misalignment angle. Consequently, the process of initial alignment is
generally divided into two procedures, coarse alignment of inertial
frame and fine alignment based on Kalman filter.

According to the error equations of SINS, the attitude and velocity
error equations of single-axis rotating laser SINS on static-base can be
expressed as:

o n

¢ = -0}, x¢" = CChe’ (70)
' =f" X ¢" + CoCoV” +5¢" (71)

where matrix (¢") means the misalignment angles, ¢’ and VP denote the
constant drift and zero bias of gyroscopes and accelerometers under the
IMU frame (p) respectively.

From section A chapter IV analysis, it can be known that the DOV
components initially have an impact on the velocity error and then affect
the attitude error. Consequently, it is necessary to construct the gravity
disturbance model to satisfy with Kalman filter equations under the
dynamic measured situation and not required modeled under static base
or waggling base.

Under the dynamic measured situation, the gravity disturbance
model of the whole trajectory can be modeled as the first-order Markov
model, where the autocorrelation and the power spectral densities
functions of the first-order Markov model are introduced by:

C,(t) = 6%e™I
2% (72)
T+
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Table 1
Simulation Parameters setup.
Conditions Parameters Accuracy
IMU Gyro. Constant drift £® 0.01°/h
Gyro. Random walk & 0.001°/h'?
Acce. Constant zero bias V° 100 pg
Acce. Random walk V* 10 pg/Hz'/?
Alignment time Total time 6 min
Coarse alignment time 3 min
Fine alignment time 5 min
Rotating condition Rotating angle 3600°
5 min

Rotating time
East-west 17 5"
South-north ¢ 18"

DOV

where ¢ means the mean square variance of gravity disturbance and ¢ is

the reciprocal of time.
The state and discretization equations of gravity disturbance can be

written as:

8g(1) = —{og(1) ++/2{0*w(t) (73)
Sgr = e Mg + oV 1 — e Xy 74)

The system state equation and observation equation in Kalman filter
are given by:

{X:FX—i—GW 75)

Z=HX+V

where X =[¢" sV* & VP 5g"|" is the system state vector,
including misalignment, velocity error, gyroscope drift, accelerometer
zero bias, and horizontal gravity disturbance. The matrixes F and G are
state transform matrix and distribution matrix of system noise respec-
tively, which are shown as:

n n b
(7wie><)3><3 U 7Cbcpzx3 033 O3
b
(" X )ans O3x3 0343 GG, b
F= 03x15 £
03><15
03512 Fu,,
"
-~ —C, 033 Osx3 b
L0 0 0 0 We
3x3 b 3x3 b
=lo0o - 0] ,G= W= wh
0 0 _C 06><3 06><3 06><3 n
L 3 Wee
03><3 O3x3 13><3
15 T T T
10
°
5T
<
0
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I
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Fig. 4. Attitude angles without rotation.
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Fig. 6. Misalignment angles in coarse alignment without rotation.

W is the system noise, which can be considered as zero-mean random
white noise. Z denotes the observation state, as for the zero-speed theory
of static-base initial alignment, the output of SINS (V") is velocity error
(6V") and acceleration error can be calculated by the differential of
velocity, ignoring upward channel, which is given by:Z = [V2 V2],

H denotes the observation matrix defined as:

H = (05,3 02410]

V is the measurement noise that assumed to be white noise.

12><2

5.3. DOV estimation process on static base

From the analysis in the previous sections, it can be indicated that the
DOV components can be estimated from the horizontal misalignment
angles by rotating modulation. For the static-base of SINS, the inertial
frame coarse alignment combined with the fine alignment based on
Kalman filter with single-axis rotating method is proposed to estimate
the DOV components from misalignment angle of initial alignment. The
specific process of this method is shown as Fig. 3.

It is obvious from Fig. 3. that the coarse alignment provides attitude

transformation matrix (Cy ) for fine alignment based on Kalman filter.
Subsequently, the difference between the attitude estimation matrix

(E‘E) and reference attitude (C}) is used to obtain the estimated value of
the misalignment angle. Eventually, the DOV components (¢, #) are
estimated by horizontal misalignment angle (¢g, ¢y) respectively. In
addition, the dotted arrow line in Fig. 3 indicates the DOV compensation
process for initial alignment, which will improve the performance of
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Fig. 9. Misalignment angles in fine alignment with rotation.

alignment accuracy.
6. Simulations

To verify the validity of theoretical analysis for error derivation of
initial alignment in chapter IV and the performance of the DOV esti-
mation method based on single-axis rotating modulation, the experi-
ments on initial alignment with and without rotating modulation were

10

Table 2
Experiments Results.
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DOV estimation value

DOV true value

Q) ) /(") &)
1 4.73 18.03 5.00 18.00
2 5.14 18.07
3 5.53 16.62
4 5.85 17.91
5 5.01 17.99
6 5.03 18.26
7 4.85 17.31
8 4.74 17.67
9 5.18 17.55
10 5.05 17.91
Mean value 5.111 17.732
RMSE 0.349 0.479

conducted and specifically introduced in this chapter.

6.1. Simulation conditions setup

The simulation conditions, listed in Table 1, were set as follows: The
latitude and longitude were N-34°1'48" and E-108°45'52" respectively.
The carrier speed is set as zero and the initial attitude angles, the pitch
(), roll (y) and heading angle () were 10°, 0°, 30° respectively. From
the perspective of IMU, the constant drift and random drift biases of
gyroscopes were set as 0.01°/h and 0.001°/h'/2, while the constant zero
bias and random walk coefficient of accelerometers were 100 pg and 10
pug/Hz!/2. The time of total alignment was set as 6 min, the coarse
alignment base on the inertial frame was 3 min, while the fine alignment
based on Kalman filter was 5 min, where the first two minutes data
reutilized the last 2 min data of coarse alignment. When under the
rotating modulation conditions, the rotating time was 5 min and the
total rotating angle was 3600°. The IMU data were generated after the
addition of DOV components which were set as 5 and 18" respectively.

6.2. Analysis of DOV estimation results

The results of attitude angles with and without rotation are shown in
Fig. 4 and Fig. 5 respectively. As can be seen from the figures, the hor-
izontal attitude angles (0, y) rapidly converge to the theoretical values
and the heading angle was gradually convergence to fluctuate around
the theoretical value without the rotation. While in the rotating modu-
lation condition, the horizontal attitudes are modulated as the sinusoi-
dal signal and the heading angle became the sawtooth signal.

The misalignment angles in coarse alignment with and without

150 T T

|
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/ — —a— —
0k ——— — V/_’—,_’——*4 — —
50 . . : .
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t/s
100 — —
. v,
80 - / Al
100 —— £ v
% 60 ol — — v.|4
96 = m——)
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0 . L . . .
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Fig. 10. Estimation of accelerometers without rotation.



S. Hao et al.

200 T T T
N
[\
100 H, 7/ ——
(33 N /
2/
= 120 ~ o~ v 1
B ol wl [ \ — Y,
,,/ T i T m—— v,
1 i A i
“\1 0 100 150 200 250 300 r_'
100 1 L 1 L =
0 50 100 150 200 250 300
t/s
T T
rr
‘-\
‘-l
X:2476
Y: 1.968
e ———
L -
0 : . : .
0 50 100 150 200 250 300
t/s

Fig. 11. Estimation of accelerometers with rotation.

s x107
EX
~10F G
< d
T 5F
= X: 240.7
Yo — Y:-0.001885 i
\/\/ n
5 I I I I I
0 50 100 150 200 250 300
t/s
10 %107
~ T —
= X: 282.1
< 8r Y:0.008858 |
~ Sx
R .
6 ‘ ‘ ‘ ‘ ‘
0 50 100 150 200 250 300

t/s

Fig. 12. Estimation of gyroscopes without rotation.

~ 10)
£, ‘ = ] =
~10F 4 S0 100 150 200 250N 300
=" ~ —
0 ‘ e — + A 3
0 50 100 150 200 250 300
/8
<107
10 1 TR e — At 2 it i i T =
/ i 'l
; 091 ’.‘ €,
> A 4 ‘
- = ~
= 08| 900} \7¥‘\v
0 50 100 ) m 250 00
9,74 L : A L L
0 50 100 150 200 250 300

Fig. 13. Estimation of gyroscopes with rotation.

rotation are plotted in Fig. 6 and Fig. 7, while the fine alignment results
under two conditions are shown in Fig. 8 and Fig. 9 respectively. It can
be seen from the figures that the misalignment angles are significantly
reduced with rotating modulation both in coarse alignment and fine
alignment, particularly in upward misalignment angles. This is mainly
because the horizontal errors of inertial sensors are effectively

11
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suppressed by rotating modulation, which is consistent with the theo-
retical analysis in chapter V.

It is indicated from the horizontal misalignment angles in Figs. 6-9
that the DOV components are coupled with accelerometer errors, under
the condition without rotation, while in the coarse alignment with
rotating modulation, the horizontal misalignment angles are converged
nearby the true values. However, the estimation results in coarse
alignment with rotation still cannot effectively suppress the acceler-
ometers errors. While in the fine alignment with rotating modulation,
the horizontal misalignment angles are extremely converged to the DOV
true values, which can be effectively estimated as DOV components
based on formula (60), shown in Fig. 9.

The results of DOV values estimated by horizontal misalignment
angles selected from experiments are listed in Table 2. It can be known
from the table that the estimation of DOV components from horizontal
misalignment angles are extremely closed to the theoretical true values
of DOV. The root means square (RMS) results of the DOV components (7,
&) are 0.349" and 0.479" respectively. Consequently, the estimation
results of DOV validated the correctness of previous theoretical analysis
in chapter IV/V and are consistent with the equation (60) and (67)—-(68).
The performance of the proposed method can satisfy the requirements
for the accuracy of DOV.

6.3. Estimation of inertial sensor errors

In this section, the errors estimation analysis of the inertial sensors
based on the Kalman filter with and without rotation is performed. The
accelerometer constant zero biases are plotted in Fig. 10 and Fig. 11 in
two conditions, while the gyroscope constant drift biases are plotted in
Fig. 12 and Fig. 13. It is obvious from Fig. 10 and Fig. 11 that the con-
stant zero biases hardly be effectively estimated without rotation. In this
respect, this is mainly because the observabilities of accelerometer zero
biases are too low and cannot be effectively estimated by Kalman filter.
On the contrary, while in the rotation condition, the accelerometer zero
biases can be more accurately estimated from state value in the Kalman
filter, shown as Fig. 11.

From the perspective of the gyroscope, the drift biases estimation of
three-axis basically reach convergence after the 150 s. However, as for
the limitation of observabilities, the convergence results are inconsistent
with true values. When in the rotation condition, the drift biases of x/y-
axis accelerometers effectively converge to the true values, while the z-
axis accelerometer cannot converge because of the rotation around the
z-axis.

Consequently, after the rotating modulation, the observability of
inertial sensors errors has been improved and the fine alignment based
on Kalman filter can effectively estimate the inertial sensors constant
errors from the state values.

6.4. Influence of Dov and gravity anomaly on alignment attitude angle
error

To further analyze the influence of DOV and gravity anomaly on
alignment attitude angle error, the six different cases of dual-position
alignment experiments were conducted. The five cases of DOV and
gravity anomaly are listed in Table 3, and the IMU parameters are shown

Table 3
Parameters setup.
DOV Gravity Anomaly
n/(") &/ Ag/(mGal)
Casel 5 -10 0
Case2 10 -10 0
Case3 5 —-20 0
Case4 5 -10 50
Case 5 0 0 0
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Table 4
Parameters setup.
Conditions Parameters Accuracy
IMU Sample rate 100 Hz
Gyro. Constant drift £® 0.005°/h
Gyro. Random walk £” 0.0005°/h'/2
Acce. Constant zero bias V® 50 pg
Acce. Random walk V° 5 pg/Hz'?
Inertial alignment Algorithm samples 4
Attitude updating time 0.04 s
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Fig. 14. Pitch and roll angle errors of six cases.
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Fig. 15. Heading angle errors of six cases.
Table 5
GDV and DOV parameters.
8¢k /(mGal) Agn /(mGal)
n/C") &/C)
GDV 46.58 —-121.74
DOV -9.81 25.64

in Table 4. The total time during the alignment is 5 min. During the first
140 s, the IMU is static in the first position and then rotated 180° to the
second position in 10 s, subsequently, the IMU is similarly static in the
second position for 140 s and rotated 180° back to the first position
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during within 10 s. In order to clearly reflect the convergence, the 30 s
was added in the last position. Consequently, the total time was set as
330 s under this condition.

The simulation results of pitch, roll, and heading angle errors are
shown in Figs. 14 and 15 respectively. It can be obviously observed that
the orange dotted line (Case 5) is converged around the zero with
rotational modulation, which is consistent with the parameters of case 5.
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The misalignment angles (¢, ¢n, ¢y) are conventionally converted into
the attitude angle errors (80, &y, dy) for analysis and the transformation
equation can be known from [25]. Consequently, the theoretical values
of the attitude angle errors can be obtained by substituting equation (60)
into the transformation equation, and the simulation results in the fig-
ures are all converged to the corresponding theoretical values of five
cases.

Comparing the case 1 and case 2, it can be known that the pitch angle
errors are almost consistent, while the roll angle error of case 2 is greater
about 5" than case 1, which is consistent with the incremental param-
eters between the case 1 and 2 (i) of the Table 3. In addition, the
compared results of the Case 1 and 3 demonstrate the incremental of
south-to-north component (£). Moreover, the results of case 1 and case 4
indicate that the gravity anomaly has no effect on alignment attitude
angle error. Consequently, it can be concluded that the south-to-north
component (£) and east-to-west component () directly affect the
values of pitch angle error and roll angle error, while the heading angle
error is commonly affected by (£) and (7).

7. Experiments
7.1. Simulation of DOV compensation on alignment

In order to directly reflect the influence of DOV and the promotion of
accuracy after compensation on the attitude angle error of initial
alignment based on rotational modulation, this section is mainly intro-
duced the effects of DOV compensation on dual-position alignment and
continuous-rotation alignment. The IMU parameters are same set as the
previous section, the latitude and longitude are N 34°1'48" E
108°45'52" respectively. The GDV as well as the DOV, calculated by
EIGEN-6c4 gravity field model, are listed in Table 5.

The horizontal attitude angle errors and heading angle error are
shown in Figs. 16 and 17 respectively. It can be indicated that the atti-
tude angle errors of single position alignment before DOV compensation
are more obvious because of the couple influence of accelerometers
errors and DOV, while the errors of dual-position alignment and
continuous-rotation alignment are all almost reduced to around the zero
with DOV compensation.

7.2. Experiments of DOV compensation on alignment

The rotational modulation experiments of dual-positions and
continuous-rotation were conducted and the accuracy increasement of
alignment after DOV compensation is mainly analyzed in this section.

100 150 5, 200 250 300 350

50 100

150 200
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Fig. 19. Size effect estimation of x-axis.
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Table 6

Experiments Results.

Before compensation

After compensation

True value /(')

/) /()
1 9576.574 9576.684 9577.379
2 9576.467 9576.573
3 9576.738 9576.826
4 9576.589 9576.681
5 9576.932 9577.106
6 9576.745 9576.836
7 9577.174 9577.277
8 9576.914 9577.124
9 9576.425 9576.538
10 9577.029 9577.132
Mean 9576.759 9576.878
value
RMSE 0.696 0.591

The theoretical true value of heading angle was 9577.379', which can be
precisely measured by pendulous gyroscope, shown as Fig. 18.

In the experiment, coarse alignments were set for 120 s and fine
alignment using Kalman filtering for 240 s. The IMU sampling interval is
0.01 s; After the self-calibration experiment of SINS, the laser gyroscope
constant drifts are 0.0050, 0.0048, and 0.0045°/h respectively, and the
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corresponding random walk coefficients were 0.00046, 0.00044, and
0.00047°/h'/2 respectively, while the accelerometer constant zero bia-
ses were 47, 51, 37 pg, respectively.

The size effect estimations of horizontal accelerometers are shown in
Figs. 19 and 20. Moreover, the constant drifts, install angle errors and
scale factor error of IMU as well as the size effect of accelerometers
caused by rotation have been eliminated in data process. Fig. 21 in-
dicates the variation of attitude angles with and without DOV
compensation of coarse alignment based on dual-positions alignment,
and the ten groups of final alignment results of continues rotation are
listed in Table 6.

To evaluate the promotion in heading angle performance after
compensation, the RMSE of experiments was calculated for the heading
angle before and after compensation. It is indicated that the RMSE of the
heading angle before and after DOV compensation are 0.696' and 0.591’
respectively. The error is reduced about 6".

8. Conclusion

From the perspective of the inertial navigation field, the plumb plane
and normal plane are normally mixed in navigation process ignoring the
influence of DOV. This will directly cause the horizontal direction errors
of gravity vector, thus affecting the alignment and navigation accu-
racies. With the development of inertial technology, this influence has
become one of the main errors in orientation and position. In this
respect, the theoretical limit error equation of initial alignment,
considering the coupling of IMU errors and DOV, has been specifically
derived based on inertial frame alignment theory. It is pointed out that
the DOV components straightforward caused the values of horizontal
misalignment angles. Based on the results of theoretical analysis, the
DOV estimated method, calculated by horizontal misalignment angles
with rotating modulation, has been proposed. Finally, the initial align-
ment experiments with and without rotation are conducted to compar-
atively analyze the performance of the proposed method. Moreover, the
comparative simulations of influences of DOV and gravity anomaly on
alignment attitude angle error as well as the DOV compensation simu-
lations and experiments were implemented. It can be concluded that the
DOV components directly cause the horizontal attitude angle errors,
while the gravity anomaly has no effect.

The simulations results of DOV estimation indicate that the RMSEs of
the DOV components of the proposed method are 0.349"” and 0.479"
respectively, which validate the correctness of the theoretical analysis
and feasibility of the proposed method. And the experiment results of
DOV compensation show that the RMSE of heading angle error is
reduced by about 6.
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